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A NEW THEORY OF COHESION 

APPLIED TO THE THERMODYNAMICS OF 

LIQUIDS AND SOLIDS. 

By Harold Whiting. 

Presented by invitation, March 12, 1884. 

§ i. The phenomena of surface tension, elasticity and 
latent heat prove that between the particles of matter, 
whatever they may be, there is an attraction which must 
be some function of the distance between them. It is this 
attraction against which work is done by expansion; and 
since work is the product of force and distance, we may 
obtain a measure of cohesion when we know the coeffi- 
cient of expansion and the difference of the specific heats 
of a body under constant pressure and under constant 
volume. 

The latter, unfortunately, in the case of solids and liquids, 
has not been accurately determined, so that this simple 
measure cannot be applied; but since the specific heat of 
liquids invariably exceeds that of their vapors at the same 
temperature, and the liquid coefficient of expansion is less, 
the cohesion in the liquid state must be much greater 
than in the state of vapor; and we may roughly calcu- 
late, in certain cases, the law of its variation. 

We have, for instance, for boiling water, a specific 
heat of 42,000,000 ergs (C. G. S.), while that of steam, 
under constant volume, is 15,600,000 ergs, nearly; the 
difference being 26,400,000, and the coefficient of volumi- 
nal expansion of water at ioo° being (apparently) .0007, 
a force of 38,000,000,000 dynes (C. G. S.) must be 
overcome in order to account for this work. The pres- 
sure of saturated steam is less than its calculated value, 
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according to Gay-Lussac, by from 600* to 5000 dynes.f 
The expansion into vapor being nearly equal to 1630 vol- 
umes of the boiling liquid shows that the cohesive attrac- 
tion must have diminished between seven million and 
seventy million times, while the distance from particle to 
particle must have increased in the ratio, of the cube 
root of 1630, or n.75. In this case, therefore, we might 
infer that the cohesive attraction per unit of surface varied 
inversely as some power of the molecular distance not 
less than six and not greater than seven and one-half, a 
mean value being the most probable; and remembering 
that the number of particles which exert this attraction 
diminishes as the square of the distance increases, the 
molecular attraction would vary according to the fourth 
or fifth power, inversely. 

For alcohol, in the same way, the coefficient of expan- 
sion at 78 being .0013, the total expansion into vapor about 
455 volumes, and the difference of specific heats, 15,000,000 
ergs, the cohesion is about 12,000,000,000 dynes per 
square centimetre, and since the pressure of the saturated 
vapor according to Gay-Lussac, J reduced by suitable 
formulae, is 15,000 dynes less than the theoretical value, 
it would appear that the molecular attraction varied as 
the four-and-two-thirds power, inversely. 

For ether we find a difference of specific heats of only 
4,000,000 ergs, and a coefficient of expansion .0017, in- 
dicating about 2,400,000,000 dynes for the cohesion; the 
expansion into vapor is about 235 volumes, and the pres- 
sure of cohesion of the vapor, deduced from Gay-Lussac's 
figures,§ is 14,000 dynes, also indicating the four-and- 
two-thirds power of the distance. 

These are the only liquids which I can find, the density 

* Allowing for the space occupied by the molecules. See Zeuner, Chap. I, III, Chaleurs 
latentes interne et externe. 

+ See Deschanel's Natural Philosophy, Part II. $383-284. 
J See Zeuner, French Translation, 1869, page 282. 
§ Zeuner, ibid. 
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of whose saturated vapors has been satisfactorily deter- 
mined; and the indication is clearly that the cohesive at- 
traction varies inversely as some power of the distance 
between four and five. 

The constancy of this law may be established by com- 
paring the tables for latent heats and surface tensions. 
The latter is easily seen, as Sir William Thomson and others 
have pointed out, to represent, numerically, a large frac- 
tion of the work necessary to volatilize a film of the 
thickness of one molecule; and neglecting this thickness, 
which does not vary through wide limits, we shall find 
that the surface tension and latent heat are approximately 
proportional. That is, not only the equivalent of the work 
necessary to separate a liquid into the thinnest possible 
laminae (or films) is approximately proportional to that 
necessary to volatilize it completely, but also both of 
these quantities are determined by the attraction of the 
molecules for each other, which could not be the case 
unless the law of variation of this attraction were the 
same, or nearly the same, for all liquids. 

In no matter what way the cohesive pressure is calcu- 
lated, we find that the latent heat varies very nearly in 
proportion; thus the total latent heat of steam is 536 
units, of alcohol vapor 202 units, and of ether vapor 91 
units, corresponding to the order of the cohesive pressures 
already calculated, and also to the order of their surface 
tensions, 81, 26 and 19 (dynes per centimetre). 

These points will be more carefully considered after an 
analytical investigation of the actual relations which must 
subsist and those which probably subsist between these 
various quantities; at present all the evidence of the facts 
is to show that the cohesive attraction between two mole- 
cules varies as the fourth or fifth power of their distance, 
inversely, and not as any power materially greater or less. 

There are various points of view which would make it 
seem improbable that any such general truth can be estab- 
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lished, and this accounts, undoubtedly, for the fact that the 
laws of cohesion have hitherto escaped a systematic in- 
vestigation. These considerations will be met later on. 
It would seem, moreover, at first sight, that a multitude of 
solutions might be possible, each equally capable of ex- 
plaining the various phenomena by means of a sufficient 
number of arbitrary assumptions — a number continually 
increasing, as new facts are discovered, until, like the cor- 
puscular theory of light, the whole structure would fall as 
if by its own weight, under the blows of some simpler 
hypothesis. 

Such is not the nature of the present investigation, 
which adds nothing to the assumptions already required 
by the molecular theory save one, which is shown to be 
the necessary consequence of various phenomena. 

The object of this paper will be to investigate more 
fully the nature of the law of cohesion and to apply it 
to the solution of the relations existing between certain 
physical constants well known in thermodynamics. It 
may be stated that these have been generally viewed, 
hitherto, from a purely empirical standpoint. 



§ 2. There are evidently three distinct pressures which 
exist in a liquid or solid: first, the external pressure (P) ; 
second, the kinetic pressure (■/*'), due to the vibration of 
the molecules; and third, the cohesive pressure (P"), due 
to the attraction of these molecules for each other. If 
these pressures are all expressed in the same unit (dynes 
per square centimetre), and are reckoned positively out- 
wards, we have for a body in equilibrium the expression, 

p -f P' -f- P" = o, 

the line drawn over P and P" indicating that their true 
direction is inwards. 
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The rough investigation of § i is probably sufficient to 
show that in vapors, P," in liquids and solids, P may gen- 
erally be neglected; so that in vapors .Pand P', in liquids 
and solids, P" and P' are very nearly equal and opposite. 
That is, in liquids and solids, the cohesive pressure plays 
the same part as does the external pressure in vapors. 

The well-known formula connecting the volume, V, the 
pressure, P, and absolute temperature, T, of a gas, 

PV 

— - = constant, 

or, in the form used largely in the kinetic theory, 

PV = — Mv\ 
3 

where M is the mass and v 2 the mean square of the molec- 
ular velocity, is established upon the assumption that the 
molecules of a gas are small as compared with the distance 
between them. If the molecule has any size, that is, if 
it prevents other molecules from approaching within cer- 
tain definite limits, the free path (/). will in all cases be 
shortened by an amount (/') which I propose to call the 
molecular diameter. The present investigation proceeds 
on the usual hypothesis that the latter is nearly, at least, 
constant. 

Since then the free path is shortened in the ratio of / to 
/ — /', the kinetic pressure will increase, cceteris paribus, 
in the same ratio, and we shall have for solids and liquids, 

P< V == -1 Mif l 



3 I— I 

The kinetic theory asserts that two bodies are at the 
same temperature when their molecular kinetic energies 
are equal, that is, when 

mv 2 m^v' 



j 
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and that furthermore 



71 



mv 
2 



2 

whence combining, and denoting by m l the mass of a 
hydrogen molecule, and by v\ the mean square of its 
velocity at the freezing temperature of water (7^ = 273°), 
we have, remembering that the density D is the quotient 
of M and V, 

jP'—I-Dv*^ — — I 

3 ° m T T=J> 

the fundamental formula in the kinetic theory of liquids 
and solids. If we suppose /' very small as compared with 
/, this formula immediately reverts to one of the forms well 
known in the theory of gases. 

Let us now suppose that a body on being heated i° ex- 
pands freely by the small ratio e; and that it is again com- 
pressed at constant temperature to its original volume. 
Designating by E the modulus of voluminal elasticity (after 
Maxwell), or coefficient of resilience (after Everett) under 
constant temperature, we shall require by definition an 
external pressure, Ee, equal and opposite to the increase of 
internal pressure due to heat. The volume being un- 
changed, the density must be the same; and if there be no 
change in the molecular arrangement, the factor / + (/ — /') 
must be unchanged ; so that the only variable in equation I. 
is T, which has increased from a value, T, to the value 
T-\- i°, thus causing an increase of the kinetic pressure 
equal to 

1 Dv* m < l l — P — Ee 
3 m T Q I — / T 

from which we see that 

E*T= P' = i- Dv a * 2i Z , l .„ II 



3 m T ° 



a 
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that is, the continued product of the coefficients of vo- 
luminal elasticity and expansion with the absolute tem- 
perature is equal to the kinetic pressure. 

This theorem applies only to liquids or solids in which 
no molecular rearrangement is brought about by heat or 
pressure, and which consequently agree, like gases, in 
obeying the same general laws of expansion. An exami- 
nation of the tables will show that most liquids fall under 
this category. The most important exception is water, 
which we shall see, from many considerations, is not to be 
treated as a pure liquid, even at moderately high tempera- 
tures. In such liquids, /' may be treated as a variable, and 
there is no connection between the real and apparent 
compressibility and expansion. 

The theorem is, in other respects, perfectly general, and 
gives, for gases (in which eT— i by the Law of Charles), 
P' = £, as it should be. The importance of the theorem, 
in determining readily the free path of a molecule and the 
measure of cohesion for liquids and solids, has apparently 
been overlooked. The application to liquids is restricted 
only by the paucity of those whose elasticity has been de- 
termined, and its extension only by our ignorance of the 
real nature of the law which governs molecular cohesion. 

Let us therefore assume that the force between any two 
molecules in the line joining them varies as the ^th power 
of their distance, inversely; then the component of this at- 
traction in any direction will .also vary as the ^th power 
inversely; and if we conceive of a perfectly homogeneous 
and uniform expansion in which every line is increased 
in a certain ratio, called the ratio of linear expansion, so 
that the angles subtended by a particle are in no case 
altered, nor the direction of any line fixed in it, then the 
component of the attraction of every particle for every 
other, resolved in any one direction, will also vary as the #th 
power of the linear expansion, inversely, no matter how the 
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particles may be situated with respect to the common line of 
resolution; and hence the resultant force of cohesion, per- 
pendicular to any surface, due to the action of all particles 
on one side of that surface upon all particles on the other, 
will also vary as the arth power, inversely, of the ratio of 
expansion, while the area of the surface separating a given 
number of molecules will vary inversely as the square of the 
ratio of expansion. It follows that the resultant cohesion 
P", measured in dynes per square centimetre of surface, 
will vary inversely as the x -\- 2 d power of the ratio of 
linear expansion. 

Denoting, therefore, by P" the value of the cohesive 
pressure when the volume is V and the average, molecular 
distance /, we shall have 

P" 1'+' K 3 



also, taking logarithms, 

3 log / — 3 log 4 = log V— log V Q 

whence, by differentiation, 

dl _ dV 
3 7 V 

Now it is established in thermodynamics that the work 
8 W done in the (small) expansion S ^against the press- 
ure P" is 

8W=P"8V, 

hence the total work necessary to overcome the cohesive 
forces in expanding from a volume V l to a volume V 2 will 
be 

X-\-2 

Aw = C s p ' dV = K'fr'ir) %dV - 
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If between the limits, F~ x and V 2 , x can be regarded as 
constant and equal to a, we have 

A W= -J— P " v"~^f-l— — —I— N 
a—x trr— Tr—J 

whence if V a = i we may write 

a — I 
hence we have, for the total work required for completely 
vaporizing the unit of volume of a body, at constant tem- 
perature, 

W= 2A W= 1^ — ^^ ^o"A FT. 

It is easily seen that if a 2 be the maximum value of 
a, during expansion, and a l the minimum value, greater 
than 1, 

W> — ^ — P " 

a 2 — 1 

a, — 1 
for, since F"is necessarily greater than 1, each term in the 

series is greater than ^ -P "A F" 3 and less than 



1 — «i 



3 P "A F- 
«, — 1 

It follows that, independent of any theory of cohesion, 
if the force be known to vary inversely as some power of 
the molecular distance not greater in any case than a 2 and 
not less than a I} the internal latent heat of vaporization of 
the unit of volume of any substance is known within two 
limits, in terms of the cohesive pressure P^\ under which 
the substance exists in the original state. 

Thus we have a mathematical proof of the statement 
in § 1, concerning the mutual dependence of latent heat 
and cohesion. 
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The possibility of such a connection, independent of 
the choice of units, is easily established by the considera- 
tion that the dimensions of work per unit of volume and 
pressure per unit of surface are the same, a consideration 
by which the discovery of some law like that alluded to 
might have been anticipated* 

Denoting by a some value of the variable x between a l 
and a 2 , a value which, although perfectly definite in any 
case, is known only to lie within these limits, we have for 
the internal latent heat,* Z, of the unit of volume, whose 
mass is D, the equation, 

JLD = — A_ p » HI. 

a — 1 

where J is the mechanical equivalent of heat, and remem- 
bering that — Po = P -f- P' we have, numerically, 

where P may generally be neglected. 
Combining with II. we have 

jld =-^=t{p + e*t), iv. 

an equation by which the value of a can be determined. 

For a given value of a there will be an indefinite num- 
ber of possible theories by which this value can be real- 
ized, but of this number one only is likely to be plausible. 
On the other hand, given any theory of the cohesive force, 
the value of a will be absolutely determined in every case, 
so that we shall be able at once to decide for or against 
the theory. 

* The internal latent heat (which will be understood throughout this paper) is that neces- 
sary to convert the unit of weight of a substance into vapor of the same temperature without 
doing external work. 
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§ 3. The necessary data appear to have been deter- 
mined only for the five liquids in the table : — * 
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D 


E 
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Water 


575-43 


1. 000 


1 thousand 
20.2 \ million 


— .00005 


Alcohol 


223-43 


0.806 + 


12.15 " 


+ .00105 


Ether 


86.48 


0.736 


8.8? 


+ .00150 


Carbonic 
bisulphide 


82.79 


1.27 


16.0 " 


-f- .00114 


Turpentine 


66. ? 


0.89 


13-7 


+ .00071 



J = 42,000,000. T— To = 273 



The case of water must be thrown out for reasons 
already mentioned, which will be treated in full, later on. 

We find for alcohol, = 2.38; for turpentine, = 4.23; 
for bisulphide of carbon, a = 4.31, and for ether a = 5.04. 
With the exception of alcohol, the numbers agree closely 
enough with those obtained from the rough calculation of 
§ 1, although the latter were derived from the ratio of the 
cohesive forces in two widely different states of aggrega- 
tion, while the values of a were determined by the work 
done against a cohesion continually decreasing during the 
change of state. 

We are not able from these data to determine exactly 
what the law of cohesion is ; but we are able to decide 
what it is not. Since a is a value intermediate between 
two values of ^namely a t and a„ some values of a? must be 
equal to or greater than a, and some values equal or less. 



• With the exception of turpentine, the (internal) latent heats were from Zeuner's Tables 
(appendix) ; the densities from Wohler's Organic Chemistry (indexed) ; the elasticity was the 
"mean from Everett, pages 52 and S3 of his Units and Physical Constants ; and the expansion is 
the mean of Kopp and Pierre. For turpentine, see Everett, page 88 ; Pickering's Physical 
Manipulation, Volume II., Appendix, Table 12; Ganot's Physics, § 334 and § 326. 
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Hence no force can explain the laws of cohesion which is 
not capable of varying, inversely, as a power of the dis- 
tance which is greater in some cases than four at least, 
and less in others than 2}. It would therefore appear that 
the law of universal gravitation, which requires a variation 
at great distances according to the inverse square, cannot 
explain the phenomena of cohesion; neither can any force 
which disappears completely in the state of vapor. 

We have seen the conditions required by the considera- 
tions of the preceding sections. The only forces known 
to physics which can by any possibility satisfy them are 
those involving both attraction and repulsion, that is, po- 
larity in some form.* 

There is, however, a possibility of error in the result of 
any reasoning, no matter how many facts may have been 
gathered to support it; and in most minds there will be 
found an unwillingness to limit in any way the application 
of such a general truth as the law of universal gravitation, 
the beauty of which, if it could be adapted to the explana- 
tion of the laws of cohesion, would be admitted by all. It 
is to answer this objection, and to prove, once for all, that, 
the law of universal gravitation can never explain the 
phenomena in question, that the following proof is added 
of a proposition which might be considered self-evident. 

Let us suppose that the attraction between different par- 
ticles varies inversely as the #th power of the distance; 
then the potential will vary inversely as the x — I st . The 
potential at the common centre of a series of nearly spheri- 

* It is true that, in one sense, the law governing all forces, properly so called, is fundamentally 
the same, being reducible to elements attracting or repelling inversely as the square of the 
distance ; nevertheless, in effect, forces are essentially different. 

Two small systems of electrified points, neither being charged as a whole, will in general 
attract each other inversely as the fourth power of the distance. Small circular currents or 
electric vortices will do the same ; and this is also the law for small magnets under certain 
conditions. (See Maxwell, Volume II., $ 388.) Arranged in different ways, two particles of 
magnetized matter may attract inversely as the square, the fourth power, or again 
inversely as the seventh power of the distance ; and the probable resultant of an indefinite 
number of such particles will be found to vary inversely as some power between the fourth 
and fifth of the average distance between them. 
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cal shells whose mean radii are proportional to the num- 
bers 1, 2, 3, 4, etc., into which all the particles of a body 
may be considered as distributed in numbers proportional 
nearly to the squares of the radii, will be a constant multi- 
plied by the series, 

I+( ± r + (fr + (ir+ e t c., 

or its equivalent as far as convergence is concerned. Now 
it is well known that, unless the exponent in this series 
were greater than unity, the series would not converge ; 
accordingly the potential at any point would depend upon 
the whole quantity of surrounding matter, and. not merely 
upon the nature and distribution of the substance in the 
immediate neighborhood; hence the latent heat would be 
governed, not only by the amount vaporized, but also by 
that which remained in the liquid or solid state. That is, 
a definite latent heat for a given substance would be im- 
possible unless x — 3 > 1. We conclude that it is abso- 
lutely necessary that the attraction between different 
particles of a body, upon which latent heat depends,, 
should vary, on the whole, inversely as some power of the 
distance greater than the fourth, so that this application of 
the law of universal gravitation must finally be abandoned. 
A number of facts, based upon the variations of spe- 
cific heat in the liquid state and the departures in gases 
from the Law of Boyle and Mariotte, might be brought 
forward to support the evidence already adduced; enough 
has probably been said to prove that if the phenomena are 
to be solved at all, it must be by some force which varies, 
for the most part, inversely as the fourth or fifth power of 
the distance. 

§ 4. Having proved that a force of no other type can 
explain the phenomena arising from cohesion, it is now of 
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interest to inquire whether there are any known forces, simi- 
lar to those of electric or magnetic action, which may be 
adequate to this task ; and the following sections are ac- 
cordingly devoted, for the most part, to the analytical inves- 
tigation of the consequences of various suppositions. 

The solution of problems in the theory of cohesion can 
only be obtained through some simple hypothesis; and the 
first which we shall examine is that the normal attraction 
of two particles is inversely as the fourth power of the dis- 
tance. The investigation of the theory of cohesion from 
this point of view will be greatly facilitated by the study of 
the attraction and repulsion of small magnets, the laws 
for which are apparently identical with those which we 
have supposed. 

Since any distribution of magnetism may be represent- 
ed as the resultant of an indefinite number of very small 
magnetized particles, arbitrarily arranged, no matter what 
the shape of these particles may be,* I shall assume for 
convenience, in this investigation, that the ultimate par- 
ticles of matter which need be considered are analogous 
to small uniformly magnetized spheres, which may or 
may not correspond to the chemical atoms. The corres- 
pondence, if any exist, will appear in this and in the next 
section. 

The strength of field at any point, due to a uniformly 
magnetized sphere, may be represented by that due to a 
small magnet of equal moment at its centre ;f hence the 
action of one magnetized sphere on another may be repre- 
sented by that of a small magnet at the centre of the first 
upon the whole mass of the second sphere; but the action 
of the second sphere upon this small magnet would by the 
same proposition be equal to that of a second small mag- 
net at its own centre; and therefore, since action and reac- 
tion are equal and opposite, two uniformly magnetized 

* See Cumming, Theory of Electricity, Prop. I., page 225, et seq. 
t See Cumming, Theory of Electricity, Prop. IX., page 276. 
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spheres must attract or repel exactly as two small mag- 
nets of respectively equal moments would do, if placed at 
their centres. 

Since the field due to a small magnet is shown to vary 
in any direction inversely as the cube of the distance,* the 
attraction for a second small magnet, measured by the dif- 
ference of the action upon the nearer and farther pole, will 
vary as the rate of change of a force, itself varying inverse- 
ly as the cube of the distance, which rate of change is 
seen at once, by the principles of the calculus, to vary 
inversely as the fourth power of the distance.f 

So long, therefore, as the atomic arrangement is not 
disturbed, "whether a substance be elementary or com- 
pound, the attraction between any two atoms according to 
the analogy will vary, as we have supposed, inversely as 
the fourth power of the distance, and therefore, in the per- 
fectly homogeneous expansion described in the last sec- 
tion, the value of x will be constant and equal to 4, so 
that we shall have 

JLD = — P". I. 

If, however, the substance be not elementary, we must 
remember that, in the state of vapor, the spheres (or 
atoms), which we have supposed to be completely sepa- 
rated, must afterward be reunited in clusters, so that a part 
of the energy required to separate them completely will 
not be needed. An approximation to the relative amounts 
of energy required to volatilize an element and a com- 
pound, respectively, will be found by considering from 
how many atoms a given atom is separated in each case, 
and what attraction is exerted by each atom from which it 
is separated. 

It is of course impossible to obtain an exact solution 
without knowing the atomic grouping, both in the solid 

* Cumming, ibid, 
t See Maxwell, § 388. 



368 PROCEEDINGS OF THE AMERICAN ACADEMY § 4 

or liquid and in the gaseous state; but we know that it is 
impossible for a given atom to be surrounded by more than 
twelve at equal distances from it and from each other, and 
that, in order to have thirteen or more, some of the central 
distances must be increased. In any compact atomic ar- 
rangement, we shall therefore not commit a serious error 
by assuming that there are twelve atoms at unit-distance 
from a given atom, forty-eight at two units' distance, and in 
general 12 ri* at n units' distance. 

Not knowing how these atoms may be arranged, we 
must apply the theory of probabilities to determine the 
potential at any centre due to all the surrounding atoms; 
and we shall find that this potential, like the probable 
error of the mean of a number of terms, is proportional 
to the square root of that number; n 2 atoms at n units' 
distance will therefore through interference have a prob- 
able effect only as great as n atoms combined; and since 
the potential must vary, cceteris paribus, inversely as the 
cube of the distance, the effect of 12 ri* atoms at n units' 
distance, as in the case of an indefinite number of magne- 
tized particles, will be equal to that at unit-distance of 12 
atoms divided by n 2 . The whole number of atoms sur- 
rounding a given atom will therefore be equivalent, very 
nearly, to 

12(1 + — . -f- — -f- — ■ -f- etc.) 

atoms at unit-distance. 

This series may be broken up into two, namely, 

i-f- — -f- — 4- — 4- etc., 
3 J 5" 7 3 

which is shown* to be equal to — -, and a second series, 

8 

* Riemann's "Partielle Differentialgleichungen," § 23, fin. 
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if + 7 + i- + i + etc - 



which is easily seen to be one-fourth of the original series. 

8 



IT* 

Since, then, three-fourths of the series is equal to — the 



whole series is equal to — - . 

6 

We see, therefore, that the theory which we are investi- 
gating is not open to the criticism which caused us to 
abandon the theory of gravitation, since the potential, 
which determines the latent heat, is practically indepen- 
dent of the whole mass of a substance, provided only that 
it contain several layers of molecules or atoms, as we 
always suppose it to do. 

The latent heat is the same as if about 2 tt 2 atoms could 
surround a given atom, and for convenience in rough cal- 
culation we may call this number twenty. 

It follows that a substance having two atoms in the 
molecule will require about one-twentieth less heat to 
volatilize it than if it had only one, since in the latter case 
each atom is practically separated from twenty others 
(whose interference may be neglected), while, in the for- 
mer, one of these remains by its side. In the same way, if 
the molecule contain three or four atoms, clustered, the 
substance will require two- or three-twentieths less heat 
respectively; but when there are more than two atoms in 
the molecule, we may have a variety of atomic groupings 
possible, and to obtain even a rough measure of the latent 
heat, a knowledge of the graphical symbol will be neces- 
sary. 

If the atoms be of different kinds, the solution becomes 
still more complex, and indeed impossible in the present 
state of our knowledge of the molecular constitution.* 

* See, however, Rlihlmann, Mechanischen Warmetheorie, Volume II., page 226 et seq. 
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A special device must be invented for approximation in 
each particular case; and although a solution of this sort 
is of course worthless for purposes of demonstration, 
it will be sufficient to show whether the facts are 
satisfied or not by the theory within reasonable limits, 
and if the error, introduced by the complexity of a mole- 
cule in a given case, is found to be small as compared to 
the whole quantity, we may suppose that any small mis- 
take in the elimination of this error will have still less 
influence in the result. 

We have reason to expect, a priori, that in any simple 
liquid the latent heat will be less than its uncorrected value 
by not more than fifty per cent. ; and if we allow for a 
mistake of even twenty per cent, in calculating the correc- 
tion, we ought not to be in error by more than ten per 
cent, in the result. 

When the latent heat has been determined, we ought 
to be able to supply either the elasticity or the coeffi- 
cient of expansion, with the same degree of approximation, 
wherever formula II. of § 2 applies. If a liquid be not 
simple, but compounded (chemically) of two, differing 
widely in their properties, especially if the union be not 
very intimate, we may shorten the calculation by treating 
the compound liquid as a mechanical mixture of its com- 
ponents. Thus ethyl Ivydrate (alcohol) may be treated 
as a mixture of 18 parts water and 74 parts ethyl oxide 
(ether), whereas the latter (ethyl oxide) would not be 
treated as a mixture of ethylene and water, even if we 
possessed the necessary data. 



§ 5. In applying the rules and formulae of the preced- 
ing sections, it must be remembered that they were estab- 
lished on the assumption, which has not so far been 
questioned, that the ultimate atoms are perfectly elastic, 
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but nevertheless sufficiently hard to resist any change of 
shape induced by the sudden pressure of impact. In the 
case of gases and vapors, it is known that this yielding 
may be disregarded; but in liquids and solids we have no 
right to assume that the laws founded upon this assumption 
will be rigorously true. It must not be attempted, without 
a special examination, to apply them to mercury, or any 
substance whose coefficient of expansion is so widely differ- 
ent from that of a gas. A cursory glance at the tables of 
expansion will be sufficient, however, to show that the 
densest bodies have, in general, the least coefficients of 
expansion/ so that the existence of such substances as 
mercury and the heavy metals, with their very small 
coefficients, encourages us to think that in such light and 
expansible liquids as ether, alcohol, etc., there may still 
be sufficient distance between the molecules to enable us 
to disregard their compressibility. 

The ratio of the two products, JLD and EtT, which 
should be unity for an elementary substance containing 
only one atom to the molecule, I shall call the principal 
ratio. This ratio has not been determined for a single 
elementary substance. 

From the mean results tabulated in § 3, we find for the 
principal ratio of alcohol the value 2.17; for ether, 0.74; 
for bisulphide of carbon, 0.89, and for turpentine, 0.93. 
These numbers are not probably accurate within five or 
even ten per cent., as two determinations of the modulus 
of elasticity alone are apt to differ by ten or twelve per 
cent. 

For bisulphide of carbon, we may adopt the graphical 
symbol S = C = S, the symbol S = S, or S^ S. 

^ ' % // \ // 

C C 

We shall find, in either case, one atom of carbon united 
to two atoms of sulphur ; but in the first case the two sul- 
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phur atoms are attached only on one side, in the others 
there are two points of attachment, indicating clearly 
for each atom a loss of -^ of the maximum value 
of the latent heat, that is, a principal ratio of 0.90; 
but the first case indicates for two atoms the value 0.95 
and for one the value 0.90, giving an average value any- 
where from 0.91 to 0.94 according as we take the numbers 
of atoms, merely, or the atomic weights into account. 

In the same way, for turpentine, assuming the graphical 
symbol 

H 

I 
H — C — H 

I 
H — C — H 

I 
H — C — H 



C 



// 


\ 


JJ 


c 

1 


c < 

1 


H 


1 
c 


. 1 
c < 

/ 


H 
H 


\\/ 






c 





H 
H 



H — C — H 

I 
H 

or some different symbol, more or less condensed,* we 
have for the principal ratio a set of values from 0.83 
to 0.90, and for ether 

H H H H 

11 11 

H — C — C — O — C — C — H 

1 1 11 

H H H H 

we have values from 0.84 to 0.91. 

* See Beilstein, Vol. II, page 1769. 
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In all these cases the attraction only of the atoms in 
direct union with a given atom is taken into account. 

The calculated and observed values of the principal 
ratio are compared as follows: 

Calculated. Observed. 

Bisulphide of Carbon . . . 0.90 to 0.94 0.89 

Turpentine 0.83 to 0.90 0.93 

Ether 0.84 to 0.91 0.74 

where it will be noticed that the calculated and observed 
values agree almost within the limit of probable error of 
the latter, according to a statement already made. 

It was pointed out in the last section that a liquid might 
in some cases be treated as a mechanical mixture of two of 
its components, if the properties of these components were 
known. 

We have for a mechanical mixture of A volumes of a 
liquid whose properties are designated by a prime ('), and 
B volumes of a liquid designated by two primes ("), the 
equations, 

Z AL ' + BL " 

A + B 

„ AD' + BD" 
A + B 

Ae' + Be" 

e A+B 

E^ A + B 



A , B 



E ' E" 
so that, if A -j- B = 1, we have 

JLD J(AL' + BL") (AD'-\-BD") 

EeT " E'E" (Ae' + Be")T ' 

AE" + BE' 
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in which formula we see that even if both liquids A and 
i?< satisfy the equations, 

JZ'D' = E'e'T, and JL"D" = J5"e"T, 
it will not in general be true that a mixture of the two 
liquids will do the same. 

Treating alcohol as a mixture of ether and water we 
have, from the table in § 3, since 

A = 11 and B=*L, 

92 92 

the value 1.86 indicated* for the principal ratio, at o° cen- 
tigrade, against 2.17 observed. 

Independent of the theory, from a mechanical point of 
view, it may be interesting to note the values of the sepa- 
rate quantities indicated, namely: for the latent heat, 182, 
which is correct at ioo° according to Zeuner; for the 
density, .787, which is true at about 25 ; for the modulus 
of elasticity, 9,899,000,000, which would probably be right 
in the neighborhood of 35 (see Everett, page 52); and for 
the coefficient of expansion, .001196, which is the value at 
about 45 according to Pierre. 

It is not inconsistent with the modern theories of mo- 
lecular structure to suppose that those parts of different 
molecules which may have greater mutual cohesion than 
the rest should be drawn together so as to form a nucleus ; 
and it is possibly the clustering of the " hydroxy V rad- 
icals, in alcohol, which enables us to treat it so success- 
fully as a mixture of ether and water. On the other hand, 
it is the impossibility, perhaps, of the formation of such 
nuclei that causes the approximate agreement of the first 
three liquids with the theory for elementary substances. 

The investigation of the case of water, which alone re- 
mains, will be deferred until after the analytical treatment of 

*yLD_ 42,000,000 (?| 86.5 + j§ 575) (j| Q-736 + £f ) 

E*T 20,200,000,000 X 8,800,000,000 ,_, .„ . w 

t.| 20,200,000,000 + ft 8,8oo,ooo,ooo («* °-°° 15 -if a000 ° 5 ) X 2 " 
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the coefficients of elasticity and of expansion; we shall 
find no reason to regard it as an exception to our funda- 
mental laws. 

In conclusion I would say that too much weight must 
not be attached to the accidental agreement of the three 
liquids tabulated, it being not very improbable that a 
fourth liquid should differ by a hundred per cent, from the 
value calculated in the same way. The case of alcohol is 
a good example, which has been explained. In dealing, 
however, with such large numbers as the elasticity and 
mechanical equivalent, and such small ones as the coeffi- 
cient of expansion, the slightest mistake in the formulae 
would be apt to increase or diminish the result by hun- 
dreds or perhaps millions of times; and even an approxi- 
mate agreement between theory and observation must, 
in such cases, be considered in the light of a confirmation. 

In the case, therefore, of the element bromine, the sym- 
bol being Br 2 , I will venture to predict that the principal 
ratio will be found to be equal, very nearly, to 0.95. 
Since the total latent heat at 63 is given as 45.6 (An- 
drews), and the density 3.187 (Cooke), the coefficient of 
expansion at zero is .001038 (Pierre), and since the in- 
ternal latent heat at o° is 46.0,* we have 

E = 42,000,000 X 46.0 X 3-187 = 225870) ooo,ooo, 
0.95 X .001038 X 273 

the same, nearly, as for water at 41 (Jamin), which value 
is therefore predicted for the coefficient of resilience of 
bromine to hold within the ordinary limits of errors of 
observation. 

§ 6. If in the equation of equilibrium, 
p. _|_ p'-\-P" = o, 

* Calculated by the usual formulae, assuming the absolute vapor density to be .007168 (re- 
duced to o° centigrade and 1,014,200 dynes pressure) ; also using the specific heats of 
the liquid and vapor as determined by Regnault. 
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we substitute the value of P' in terms of PJ derived 
from equation I. § 2, namely, 

P[_ = jr d_ i Q -i 1 = j^ n(i —r) 

p: " t d q 4 /— / " t i'<j—iy 

since the density varies inversely as the cube of any 
length, and if, moreover, we substitute the value of P" in 
terms of .P '', 

P" H 



pj' i 6 ' 

as required by our hypothesis for bodies suffering no 
change of state, we have 

PJ_ P —— — i ° ' _I_ ~p» — = o 

Differentiating with respect to log V, and remembering 
that, since V : V = / 3 : 1%, 

log V — log V = 3 log / — 3 log / , whence differ- 



.... dV xdl , 

entiating, — - = -2— — , we have 



F ^r + T^r + T ^r = °' tatls ' 
F _^_ _ 1 p, t_ n(L—n (zi 2 —2in 

dV 3" ° r /♦(/—/')» 

3 r /» (!—i*)dv 3 ^° /» ~ ' 

Simplifying, and substituting i 3 ' and /"' in place of 
their values, also putting i 3 -j- -P' in place of — P," we 
have 



P' / 4 /'-3A , ^ ^ ^ , „ p - 



v dP __P' (\l' — %h , „, V dT 
dV 
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In this formula, if we suppose T constant, that is if 

dT r- j 

= o, we rind 



dV 



dV 3 V /— /' J + 2 ^ — °> 

but the coefficient of resilience, E, being defined as the 
limit of the numerical ratio of the increment of external 
pressure (hP) to the corresponding voluminal compres- 

J, the temperature being constant, is equal alge- 

dP 

braically to the first term V -prp', hence we have 

Now if in I. we suppose the pressure to be constant, that 

dP 

is if — — : = o, we shall have, transposing and inverting, 

dV P ' III. 



VdT T /P' Ul' — 2,l 



since e is defined as the coefficient of voluminal expansion 
under constant pressure. 

The truth of the formulae II. and III. is easily tested by 
multiplying them together. We have 

P' 
T' 

a relation already established by mechanical considera- 
tions (§2). 

If, moreover, in III., we put — — = o, and P -f- P' — 
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— P" = o, that is, if we express the two conditions always 
assumed to hold in perfect gases, we shall have 



T 

as should be the case.* 

Substituting this value in the last equation, we find 
E ■=. P,' which is easily shown to hold for perfect gases. 

There is, therefore, every reason for confidence in the 
formulae of this section, the applications of which will be 
treated of when the ratio of /' to / has been determined. 

The next and several following sections will be devoted 
to the relations which exist between the coefficients (£ and 
e) and their derivatives, which, we shall find, can be estab- 
lished independent of the value of/' -r- /. It is sufficiently 
obvious, from the preceding investigation, that some such 
relations must exist; nevertheless these have not been 
studied, and have been known only empirically hitherto. 

It is commonly supposed that in the experimental data 
for the expansion of liquids, or those at least which have 
been studied the most, little remains to be desired; such, 
however, is not the case, as may easily be seen by com- 
paring the results of different observers. There is prob- 
ably no branch of physics in which the accuracy attainable 
has been so far overestimated. Had the real uncertainty 
of the determinations been recognized, the theoretical bear- 
ings would undoubtedly have claimed more attention. 

§ 7. To investigate the laws of a liquid or solid, ex- 
panding freely under heat, we put P = o in equation III. 
of the last section, which then becomes 



'j 



3 /— /' 



T A l' — zl 



* It may here, for convenience, be pointed out that c must not be confounded with the ab- 
solute coefficient of expansion, being defined approximately as the ratio of increase of volume 
to the volume itself for a rise of 1° in temperature. The difference, which is considerable for 
gases, in the case of liquids and solids will be found to be slight. 
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whence, by differentiation with respect to T, 
d L= _ l—V v _3_ , 3/ (4^-30+3(^-0 \ dl_ 

dr 4 /' — 3 / ^ r a_r TV (4/' — 3/) 2 a* 7" 
= — -J? + -^( ^T^, 6 j jjx' from L ' and substitutin s 

rfl el 

for — — its value, — (see last section), we have 
dT 3 

de e _|_ el . e 2 / 

"I - t ( .1* T7\ "T" 



«rr r ' r( 4 /' — 3 /) ' 4 /'— zi 

_e_ / 4 (/-/') N , e 2 / 

r v 4 /'_ 3 /j ^ 4 /'_ 3 /' 

hence again from I. 

de 4 e 2 1 e 2 / _ 4 e* , e 2 
r~ ~r ~ti —7 — 1 ~r> 



dT "' 3 ' 4 /'- 3 / u 

* I 

Now from I. we have 

\VeT— 3 leT= 3 Z— 3/'; 

/'(4er+ 3 ) = /(3«7\+3); 

Ji- - 3+3*7 . 



La. 



which, substituted in the preceding equations, gives 

de __ 4 , j e 2 = 4_ ^ 1 e (3 + 4*7) 

dT "3 "*" I2 + I2e7 __„ 3 3 

3+4*7 6 

= ±e + € 2 + -±- e*T. so that, finally, 
3 3 

rf7 3 3 IL 
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a relation between e and its first derivative which is inde- 
pendent of the value of / or /'. 
Differentiating again, we find 



d 2 e 14 de , 2 rp de 1 4 



+ 4^-^ +4-- 



:3 



dT 2 3 dT ' T aTT ' 3 

where, substituting the value of — — in terms of e, we 

ay 

have 

"^ = I2.2C* + I5.^ 4 ^+ 5-3^^. IIL 



dT 



In the same way, by successive differentiation and sub- 
stitution of the values of the first derivative in terms of e, 
we have 



d*e 
dT* 



= ioi.ne 4 -J- 204.746 s T -\- i/\.$.iC)e 6 T' 



+ 35-55^ 3 , IV. 

accurate to two places of decimals, and 

~j^ = "48.6 s + 3 2t8.e 6 Z+ 3504.^^ + i743.6 8 ^ 
+ 3 3 2.eT<, v. 

where the coefficients are expressed to the nearest unit; 
so that when e is given, the values of its successive deriva- 
tives at any temperature are determined. 

At the end of this paper will be found a table (I.) show- 
ing the corresponding values of e and its first four deriva- 
tives at the freezing temperature of water (7^=273°), 
from e = .0001 to e — .002. Tables may easily be con- 
structed for any temperature; the use of this particular 
table is explained below. 

Let the volume ( V) of a liquid which is unity when the 
temperature is o° centigrade (7 = o) be represented by a 
sufficient number of coefficients in the form, 

V— 1 + at + bt* -4- ct> 4- dt* + et* -f etc.; 
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then the absolute coefficient of expansion will be ex- 
pressed by the series, 

a -\-2bt + 3c/ 2 -f 4oT/ 3 + 5^ 4 , 

so that the voluminal expansion, e, which is the quotient 
of the absolute expansion by the volume, will be 

_ a + 2bt + 3d* + \dt* + 5 g/4 + etc - 
"- "' " x ^ a t -\- bf -\- ct* +,dft 4- et* 4- etc. 

whence, by actual division, we find 

c = a -f (2b — a 2 ) t 4- (3c — 3a£ -f a 3 ) f 
(4-4^ — 4«c — 2<5 2 4- 4« 2 3 — a 4 ) * 3 
4- ( S e — 5«^— 5^ + 5^ + S^ 2 — 5« 3 £ 4- a 5 ) ft 
4- etc. VI. 

Putting a', b', c', d' and e' in place of the coefficients of 
the successive powers of t, so that 
a' = a 
b' = 2b — a 2 

c' =■ 2> c — 3 a b 4" a * 
d' = \d — \ac — 2b 2 4~ 4 a *^ — a * 
e' = $e — ^ad — $bc -\- $a 2 c -\- $ab 2 — ^alb 
-4- a 5 
we have 

e = a' 4- b't 4- c'/ 2 4- «T/ 3 + e'ft -\- etc. 



VII. 



dt 



df 



= 6' -\- 2c't + 3«T7 2 4- 4e'P 4- etc. 
= 2d 4- 6<s?7 4- \ze'f 4- etc. 



f/3fc = 6aT + 24«'/ 4- etc. 



dt> 
d*e 
dft 
dh 
dP 



■=. 2\e' 4" e tc 
= o 4" et c« 



S VIII. 
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Hence, substituting, we have 

d l e s-ji . d*e . ,, 1 d*e t cHe , 

- r - = 6a'= t __ etc., ord' = — — - — — — -4- etc. 

dp dP ' 6 dp 6 dt* ~ cu " 

= 2c' + / 4!l - /• ** + il *L + etc. 



oft 3 ' a 7 / 3 dP ' 2 dP 

= 2c 4- —-p — _ \- etc., 

1 dp 2 dp ' ' 

, , I </ 2 e / d 3 e 

whence c = -— — — — etc. 

2 dp 2 dp 

de „ ■ . d*e _ </ 3 e , / 3 d*e , / 2 «? 3 <e 






<# ' ' dP dP 2 dP 2 dp 

__ /» a? 4 e , ^ 3 a^e 

2 ~dF ~^ 6 ~dp ' 

whence 

h > __ de __ . d 2 e , /° aT 3 e P d*e , 

W ~^F "*" T ~^ "6" ~dP~ ■~*~ 

and finally 

, , , de „ </ 2 e | I „ </ 3 e Z 4 d 4 e 

n dt dP * 2 dP 6 </t+ 

, P_ d 2 e _ jP d 3 e _|_ _^_ t/ 4 e , _^ </ 3 e 



e 



2 dP 2 dp i 4. dP '6 dP 

P d*e , P d*e , , 
— -7- — ? — + — — ; — + etc., 
6 dP ' 24 dP ~ ' 

from which the value of a' can be determined. 
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Summing up our results, we have 



a 



t de< P d 2 e_ Pd^, P ct*e_ &c 
dt ' 2 df 6 dfi "^ 24 dp * 



b' = 



d' 






de 
~dt 

1 
2 

1 
6" 

1 

~24 



t d*e 1 _£_ 



d*e P d*e , „ 
. — -4- &c. 

dp & J** ' 



d' 



dp 
d*e 



t^L + 



P 



6 



dp 
d*e 



dp 



dp 
— &C.) 



dp dp 

d* 



+ &c.) 



( a £ 
\~dP~ 



&c. 



IX: 



equations by which, at any temperature, /, the values of a, 
b', c', d' and e' may be calculated in terms of e and its 
derivatives, the relations between which have been already 
determined (I. to V.) The temperature specially adapt- 
ed to this calculation is, however, the freezing tempera- 
ture ; for, putting / = o in equation IX. all but the first 
terms disappear. 

It remains to be determined whether the successive 
terms in which e is expressed, 

e = a! + b't -f- c'P -f d'P -f- e'P + etc. 

form a convergent series. 

Referring to equations I. — V. we see that the nth deriva- 
tive of c may be expressed 



d\ 



dT 



- — Ae" + I -+- Be" + 2 T + - 



-\-xe n + i T n , 



* It will be noticed that equations IX. are the expression of the convene of Maclaurin's the- 
orem, from which they might have been derived by considering c as a constant, while a', f, etc. 
are variables. Not being able at once to find a proof of the proposition in thisform.it was 
thought advisable to give the calculation in full. The theorem is known as Bernoulli's. See 
Williamson's Differential Calculus, § 64. 
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hence 

-f^/V + 2 + (» + 2) e" + ' (-1- € 2 r + .1 e 3 ^))-! 

\ 3 3' 

4-^»€ 3 "+- r*— + (2»+ l)e 2a ^e 3 7 lB 4-±€ 3 r B + ,N )\ 

The ratio of the term containing A in the n -f- I st deriv- 
ative to the corresponding term in the » th derivative is 

(» + 1) e(l + ler); that of the B term is 

— -]-(»-(- 2) e(-i- -J- -i- eT) ; that of the last term is 
■* 3 3 

— - -f- (2n -\- 1) c ( — 4- — eZj; so that the succes- 
^ V3 3 / 

sive derivatives ultimately form a divergent series. 

Referring, however, to equation IX. we find 

a = e ; b = — -S-; c = — 2. etc. 



O + 0' = 

in + 2)' 



I </*€„ 



« / dt" 

I ^" + 1 6 n 



(»+ 1)/ dr +i 

so that the ratio of the (n-\-2) d to the (« -j- 1 ) st term in 
the series, 

c = a' + b't + c'/» -f- rf7» + «'/♦ -| J- «7— s 

+ (» + i)V- 4- '(» + 2)'/*+' 4- etc., 
will be 

(» + 1)' n+i d"e 
The last factor can be represented as the quotient of two 
sums, each of a number of terms ; the ratio of no term in the 
numerator to the corresponding term in the denominator 
can by any possibility exceed 
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« + (2»+i)e(l + ie7 , ) ) 

so that the value of the quotient must be less than this 
quantity. Hence the ratio of the (n -\- 2) d term to the 
(n -f- i) st in the expansion of e cannot exceed the value 

/ in 



+ (2« + i)«(-3L + ±c7)) 



»-f 1 \T . 3 3 

When « becomes indefinitely large, this-ratio approach- 
es the value — — -f- zd, (J— 4- J- e7), so that if 
^ \3 3 / . 

— - -J- 2et (— -J- — eT 1 ] < i, the series is certainly con- 
vergent. 

Now ^ is necessarily less than Z 1 , since Z 10 = 273 -f- if; 
and the smaller the value of e, the greater can be the ratio of 
t to T without invalidating the convergence of the series. 

If t < o, evidently e can be as great as one pleases, 
that is, the series is necessarily convergent for a descending 
scale of temperature. 

If t <•■ 6o° and e < .002 

we have 2e^ f-i- + -i-€J'J<-|- <i — J— ; hence 

the tables, which were constructed from e = .0001 to 
e = .0020, are at least reliable up to 6o°. 

In the same way e is certainly determinate up to the 
value .00135 f° r a * least 90 ; and for still smaller values 
of e , still higher temperatures may be used. It will be 
noticed that there is no liquid whose coefficient of expan- 
sion is as great as .002 which does not boil, at the ordinary 
pressure, below 6o ? ; and none boiling above 90 has a 
greater coefficient than .00135, so tnat thus far theory and 
fact are not at variance. It must also be remembered 
that the ratio of a term to the one preceding it was shown 
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to be less than — - -\- zd (— -\- -LeT) by assuming that 

the maximum ratio of the corresponding coefficients held 
for all. Since this is evidently not the case, the series is 
much more convergent than has been assumed, and there 
is every reason to believe that the value of e is deter- 
minate for all temperatures below a certain critical point. 
Such a point is now believed to exist for all substances, 
above which the laws of liquid expansion will cease to 
apply. The correspondence of theory and fact in respect 
to this point will, if established, afford a complete physi- 
cal demonstration of the sufficient convergence of our 
series. 

The value of the critical temperature we are not yet 
prepared to calculate, owing to the difficulty of the mathe- 
matical solution; but in one of the sections following we 
shall see how it may be derived from our theory in a 
much more simple way. 

It remains, therefore, to conclude that, since e is deter- 
minate for all points below the critical temperature, the 
volume and its coefficients must also be determinate, and 
their calculation by means of the derivatives in Table I. is 
therefore perfectly legitimate. 

Equations VII. enable us to determine the value of a, <5, 
c, d and e, successively, for all values of e at the temper- 
ature zero; and a table will be found at the end of the 
paper (II.) in which these coefficients are calculated for 
values of e from .0001 to .0020. 

By means of these coefficients, a volume table has been 
constructed (III.) by which, when the value of e is known, 
the volume may be found, calculated at intervals of io°, from 
— io° to 150 centigrade, the volume at zero being unity; 
and furthermore, by means of this table, if the volume be 
known at any temperature besides zero, the value of e and 
hence the volume at any other temperature may be de- 
duced. 
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If, moreover, only the ratio of expansion be known 
for a given range of temperature, it will be possible to find 
by trial what value of c will account for this ratio, and 
thus to determine completely the laws of expansion of 
the substance. 

The advantage of this method of treating expansion, 
which requires for substances not subject to a change of 
state only a single accurate observation in place of at least 
three, and which is the same for all bodies having the fun- 
damental coefficient in common, is obvious; it remains 
only to see how closely our calculations are borne out by 
experience. 

§ 8. The usual method of determining the law of ex- 
pansion of a substance depends upon the assumption that 
the volume at any temperature, /, can be expressed suffi- 
ciently well by three constant coefficients, A, B, C, in the 
form 

V= i+At + Bf-\- Ct\ 

Four observations of the volume are usually made at dif- 
ferent temperatures, the first being preferably zero, or, when 
that is impossible, the melting point. The other three, in 
absence of the data, may be assumed to have been chosen 
at equal intervals up to the boiling point, or the highest 
temperature observed. It is then always possible to 
assign such values to A, B and C as shall make the vol- 
umes calculated by the formula agree with those observed 
at all four temperatures. The values of the coefficients, A, 
B and C, as determined by Kopp. and Pierre, have been 
tabulated by Sharpies for about eighty-eight liquids, of 
which eleven were determined by both observers. In 
order to compare our results most directly with their fig- 
ures, we must calculate the theoretical values of A, B and 
C which would represent the volumes correctly according 
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to Table III. at four different temperatures which may 
divide the whole range of temperature in question into 
three equal parts. 

We have, for o° and any three temperatures, t„ t 2 and / 3 , 
at which the formulae must hold, the simultaneous equa- 
tions : 

K = i, 

v { = i + At, + m? 4- a,3 (!) 

1 1 = i 4- «'» + ^A 2 4- rf,» H- <#,♦ 4- et* 4- etc. (2) 

F (=1+^4- 2?// + a/ ( 3 ) 

2 l=i + < + ^ 2 4- ^ 3 4" ^4 4 4- etf 4- etc. (4) 

F f = i + At, 4- i?/ 3 » 4- a 3 » (s) 

3 1 = i 4- at, 4- *V + ct* 4- ^ 4- etf 4- etc. (6) 

Subtracting (2) from (1), (4) from (3), and (6) from 
(5), transposing in each case (A • — a) t, and dividing by 
t, we have 

A — a = — (B — b) t, — (C— c) t? 4- otf, 3 

4-eA 4 + etc. (7) 

A — « = — (B — b) t 2 — (C— c) t* 4- <# a 3 

4- e^ 4 4- etc. ' (8) 

^4 — a = — (B — b) t s — (C — c) t 3 * 4- aft/ 

+ et* + etc. (9) 

Subtracting (8) from (7) and (9) from (8) we have, 
transposing and dividing by t 2 — t, and / 3 — t„ respectively, 

(B — b) = — (C— c) (t 2 + /,) 4- d (C 4- tA 

4- A 2 ) + c (A 3 + t 2 % 4- /^» + /,*) + etc. (10) 

(i? _ b ) = _ ( C - C ) (/, + /,) 4- rf (/; 4- tj m 

4- '/) 4" e (7/ + /,»/, + if? 4- //) 4- etc. (11) 

Subtracting (11) from (10), transposing and dividing 
by (A — t,), we have 

c— c = d (a 4- 4 + A) + e (t; 4- 1; 4- A 2 4- hU 

4- / 3 /, + tA) 4- etc. (12) 
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Hence for any three temperatures, /„ t a and / 3 , at which 
the two formulae are assumed to agree, we can find the 
difference between C and c, and hence by substitution in 
(10) or (11) the value of B — b, which again, substituted 
in (7), (8) or (9), will give the excess of A over a. 

If, however, the three temperatures, t 1} t 2 and t v are 
chosen at equal distances, as we presume in absence of con- 
trary evidence that they are, we have t 2 = 2/, and t i = 3/, ; 

C = c -|~ 6dt -\- z^ef -j- etc. 

B = b—\\df — eoef- -f- etc. I I. 

A — a + 6otf 3 4 36^ 4 etc. 

where / is the lowest of the three temperatures at which 
the formula is exactly fulfilled. 

Table IV. was constructed to show the different values 
of A, B and C corresponding to values of e from .0001 
to .0020, which must be chosen to represent correctly the 
volume at the extremes of three adjacent intervals of tem- 
perature, each equal to the figure at the head of the col- 
umn, the lowest extreme being (strictly) zero. The 
table shows that the values of B and C may be very dif- 
ferent according to the range of temperature chosen, and 
that A cannot be relied upon to represent the true coeffi- 
cient of expansion at zero. As a practical confirmation of 
this indication of the theory, I will quote three different 
values of A for butyrate of ethyl, namely, .001202790, 
from 13 to 99 , and .000632742, from 99 to H9°.4, ac- 
cording to Pierre, while Kopp gives .00117817, probably 
for the whole range of temperature. It would seem, at 
first sight, impossible that two such careful observers could 
have differed by 50% in their estimation of the coefficient 
A from 99 to 119 , but if we compare the volumes indi- 
cated in each case, taking into account the other coeffi- 
cients as well, we shall find differences which may easily 
be attributed to errors of observation.* The fact remains 

* See Table VII. 
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that we cannot rely on these coefficients for the expansion 
at any temperature, however accurate the volumes may be. 
Before proceeding to a comparison of the results of our 
theory with those of observation, let us examine a little 
more closely into the probable error of the latter. The ex- 
ample quoted is an extreme case, and we will give Pierre 
the advantage of choosing the nearest of his two coeffi- 
cients A, for comparison, thus considerably reducing the 
difference between the two observers; let us, moreover, 
take the mean of the coefficients in the case of fusel- 
oil and butyric acid, by which the agreement will be 
still further increased; we shall find nevertheless between 
Kopp and Pierre (by the method of squaring the errors), 
in the eleven liquids which they have determined in com- 
mon, a mean difference for the coefficient A of .0000489 
-f- (between four and five per cent.), for the coefficient 
B a mean difference of .000001318 -j- (nearly fifty per 
cent.) and for the coefficient C a mean difference of 
.00000001345 -j- (between sixty and seventy per cent, of 
the average value of the coefficient). 

The details of the calculation are embodied in Table V., 
in which the figures of Kopp and Pierre are quoted in full 
from Sharpies. It is thought that the figures will not need 
explanation. 

§ 9. We are now prepared to make a direct com- 
parison of theory and observation. Table VI. contains the 
values of A, B and C calculated and observed for 75 
liquids, which may be identified by means of the numbers 
following their name and symbol in Table XVIII. It was 
not thought necessary to include in Table VI. the eleven 
liquids alluded to in the last section, as they are to be sub- 
jected to a much severer test. Besides these, the only two 
omitted from the table were sulphurous dioxide, which 
was out of the reach of the volume table, and is hardly a 
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liquid, and phosphorous chloride, which has a coefficient 
C some thousand times greater than the average (no 
other liquid exceeding it by more than seven times), thus 
clearly implying that this substance is an exception, like 
water, to the general law of expansion.* 

We shall see that the existence of such exceptions does 
not militate, in any way, against the truth of our theory. 

In the construction of Table VI. the calculated values 
of A, B and C were taken by interpolation from Table IV. 
so as to represent, as correctly as possible, both the vol- 
ume and coefficient of expansion of the liquid, between o° 
and the boiling point, using of course the table calcu- 
lated for the given range of temperature. 

The observed values are taken directly from Sharpies' 
Tables, omitting however several figures which we have 
proved to be insignificant; when two values, not differing 
greatly, were given for different ranges of temperature, the 
mean was taken. The influence upon the result would in 
no case be perceptible. 

The differences are given for the three coefficients A, 
B and C, calculated and observed; and it will be found 
that the mean difference for A being only .000,003,3, that 
for B is .000,001 — j— , and that for C, throwing out number 
74, is .000,000,012 -(-, which we see in all cases is less 
than the mean difference between the two observers al- 
ready found in the case of the eleven liquids which they 
determined in common. 

It is proposed to subject these eleven liquids to a still 
more searching examination. At intervals of io°, by aid 
of the empirical formula, 

v= 1 4- At 4- Bf 4- ct> 



* The probability of an error, by chance, exceeding the probable error, as in this case, by 
more than a hundred times was too small to be included in the tables of Chauvenet or in those 
of Haskell which are appended. 
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the volume, from o° (or else the melting point) up to the 
boiling point in each liquid, has been calculated both ac- 
cording to Pierre and according to Kopp. These values 
will be found in Tables VII., in the columns headed V P 
and V K respectively. 

The mean was then taken in the column V PiK , and the 
difference between Kopp and Pierre, in the column head- 
ed A / ._ jSr , is squared in the next column, A 2 . 

With the method of least squares, by actual trial, the 
best value of e in Table III. was found, to represent the 
volume through the same range of temperature. The 
value of e is given at the head of the table, and the 
volumes, taken from Table III. by interpolation, are in 
the column V \. The differences between these and the 
mean volumes, according to Kopp and Pierre, are given in 
the column A. PiX -_ ( , and the squares are given in the 
last column, A 2 . 

These columns of squares are added for each liquid, so 
that the sum of all the squares may easily be found. 

Amongst this number, or amongst the seventy-five previ- 
ously examined, if there be a single liquid (as for instance 
butyric acid) in which a molecular change affecting the 
volume is brought about by heat, the mean difference 
between theory and observation will be indefinitely in- 
creased; if there be the slightest constant error in the ob- 
servation, the elimination of which is impossible, the 
observations will be equally accordant, but the theory will 
seem unduly to disagree ; in all cases, the mean square of 
the difference between theory and observation will be in- 
creased by the sum of the mean squares of the errors from 
each source. 

There is no reason to suppose that the constants of the 
standards, in terms of which the expansion was expressed, 
as, for instance, the coefficients of expansion of mercury 
and glass, determined by Regnault, were more accurately 
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measured than any of the rest, being equally subject to 
thermometric error; if this be true, then, according to the 
theory of probability, the mean error of the results of Kopp 
and Pierre combined will be, not one-quarter of their mean 
difference, as would be the case if the standards were 
absolutely reliable, but one-half or three-quarters, according 
as we assign to Regnault (or whatever standard they may 
have used) the weight of two observers or that of only 
one. 

Where, as in the present case, the mean difference of 
theory and observation is equal to about two-thirds of the 
mean difference of two observers, the discrepancy is 
probably due to errors of observation. It would appear 
that for ten out of the eleven liquids most closely exam- 
ined, — the exception being butyric acid — the agreement 
is actually greater than probability could require even if 
the theory (as well as the standards) were known to be 
absolutely true. 

In the case of solids, according to the results obtained 
by Dr. Matthiessen, the law of expansion will need to be 
modified. I have already pointed out that if the .mole- 
cule or atom were itself compressible, the indication of 
the kinetic theory would not be strictly fulfilled; the 
departure can easily be subjected to mathematical compu- 
tation, and its value determined, constantly increasing 
with the state of aggregation. 

It appears to me, however, that the facts do not justify 
such a laborious calculation. It is to be observed that 
in weighing in water, as in the experiments of Dr. 
Matthiessen, any error in the determination of the density 
of the water,* or of its temperature, will affect the results 
by a proportionate amount. 

* The mean difference between Kopp and Pierre for water [see Table, Sharpies, page 73] is 
a little more than .0005, or one-twentieth of one per cent., corresponding to an error of one-tenth 
of one degree in temperature. 
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In conclusion, concerning all the results which have 
been brought forward (which are the best that I have been 
able to find) I would suggest that until we discover some 
more accurate method of measuring temperature than we at 
present possess, it will be useless to hope to obtain in any 
thermometric measurement of the rates of change of expan- 
sion more than an approximation to the truth. 

It is therefore absurd to base a theory even upon such 
precise measurements as those of Dr. Matthiessen. The 
atoms are undoubtedly compressible, but we shall be 
unable to obtain a measure of their compressibility in this 
way, and we have no reason thus far to suppose that the 
theory of expansion, developed for the lighter liquids, is 
not applicable, without modification, to solids. 

The result of the investigation suggests that the treat- 
ment of matter in its different states may differ only in that 
here, one factor, there, another, can in practice be neg- 
lected ; and that the Laws of Expansion are fundamentally 
the same for all bodies, whether they be solid or liquid, 
vapor or gas. 

§ 10. Maxwell has pointed out in his Theory of Heat, 
chapter V., page 107, that the elasticity of a fluid is ex- 
pressed by the quotient of the slope of a curve by the 
volume, which is its abscissa, while the ordinate is the 
pressure. Hence if the volume be unity, the slope and 
elasticity are equal. The present section is devoted to 
the analytical investigation of elasticity and its applica- 
tion to isothermal curves. 

"It has been suggested by Professor James Thomson" 
(see Maxwell, chapter VI., page 124), "that the isother- 
mal curves" [of liquids in contact with their vapors] 
"for temperatures below the critical temperature are only 
apparently, and not really, discontinuous, and that their 
true form is somewhat similar in its general features to 
the curve ABCDEFGHK." 
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"The peculiarity of this curve is that between the pres- 
sures indicated by the horizontal lines, BF and DH, any 
horizontal line, such as CEG, cuts the curve in three differ- 
ent points. One of these, indicated by C, evidently cor- 
responds to the liquid state. Another, indicated by G f 
corresponds to the gaseous state." 

Maxwell continues to the effect that E may be left out 
of consideration, being a point of unstable equilibrium. 

Curves are also given of the general form A'B'C'D' E' 
F'G'H'K' and A"B"E"J"K", representing isothermals 
at and above the critical temperature. All these curves 
are concave upward as far as a certain point, such as E, 
then convex as far as J, and finally concave again. The 
slope of all is at first downwards, and finally downwards. 
Below a certain isothermal, the concave curvature is suf- 
ficient to cause an upward slope between D and F; 
above it, it is insufficient; and this particular isothermal is 
characterized by having a slope which reaches zero as its 
limit and then tends downward again. Now unless the 
curvature changed its sign at the point where the curve 
becomes horizontal, the slope on one or the other side of 
this curve would be upward; hence we may determine 
this curve by supposing the slope and curvature to be 
equal simultaneously to zero. It is evident, moreover, 
that this is a complete definition of the curve, since no 
other can at any point fulfil the same conditions. 

It is hardly necessary to add that this isothermal belongs 
to what is called the "critical temperature." Below it, 
since at E the slope is upward, there can always be found 
for a given pressure two volumes, C and G, at which the 
substance is in stable equilibrium. Above it, since the 
slope is always downwards, only one state is possible. 
That is, the temperature of this isothermal is the limit up 
to which a liquid is possible in contact with its vapor. 

The method of treating isothermals and determining 
the critical temperature by the theory is extremely sim- 



§IO 



OF ARTS AND SCIENCES. 



397 



pie. We have merely to put the elasticity which we 
have found in § 6, II., 

and its derivative with respect to the volume, or /, which 
amounts to the same thing, simultaneously equal to zero. 
We shall first find an expression for the ratio of V to /, in 
the critical state itself, which will enable us to calculate 
successively the cohesive, the internal, the external pres- 
sures, the density and the critical temperature, which lat- 
ter, being found for one point of the curve, is the same of 
course for all. These are all the constants which we 
need to determine.* 

The formula for the elasticity may also be written, since 

p + P' + P" = o, 

p' f ,/ 2 r • 

^ -j- zP" , whence, substituting the 

in terms of P Q ' and PJ 
T (3/- 



3 v i—r 

values of P' and P 

p: U (4 — Q 



E = -±^ 



P' 



l—V 



(I -I') 

■V T_ 



T (/ 

2,1— 2/' 



2/ ) 1 prr l 

J) + 2 ^° ~w 



76 p 

P l ^P 



f) 



I. 



dE 
dl 



P' 

3 



Differentiating with respect to /, and remembering that 
all other factors are constant, we have 
f 3 /» (/--/')»/„»(/„ — /') T 

i<(i—iy t 
2 (iy-i')+i{i-iy)H(i-r) (3/-2O t { 
i*(i—ry T n 

p 



* The elasticity being zero, the coefficient of expansion will be indefinitely great at that point ; 
the latent heat will disappear, and instead we shall find an enormous specific heat under a 
sufficiently great constant pressure, falling off rapidly as the temperature is increased. The 
surface tension is very closely related to the cohesive pressure, and the distinction between 
vapor tension and external pressure disappears. 
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dlogl 



3 \ 6 p 1 Tp ,j i\i—r)T (i—iy ) n 



The left hand term in the parenthesis is essentially posi- 
tive; the right hand term essentially negative, since /> 
/'> o and /„>•/'. When / becomes very great, the left 
hand term disappears in comparison with the other; as 
/ — /' approaches zero the right hand term becomes infi- 
nite, so that at both extremes the curvature is concave 

T 

upwards. Between the two, it is evident that, if — ;- is 

sufficiently small, the right hand term will become less 
than the left hand, and the curvature will becOme convex 
upward. There will therefore in general be two middle 
points where the curve is perfectly straight. 

From I. we see that when 1=1', E = 00, that is, the 
curve becomes parallel to the axis of pressures with an 
infinite downward slope; when / increases indefinitely, 
the curve approaches the axis of volumes as an asymp- 
tote, and the slope becomes positive before it vanishes 
owing to the disappearance of the second term in parenthe- 
sis in comparison with the first. Between these values, 

T 

if — — is sufficiently small, the slope evidently becomes 

■*■ o 

negative somewhere, and in changing to negative and then 
to positive again, must twice pass through the value zero. 
Hence there will be in general two points, D and JF, 
where the curve is parallel to the axis of volumes. When, 
however, T is increased, it is at last impossible for the 
slope to become negative; there must be some value for T 
when the slope reaches the value zero without crossing it; 
for we may put E and its derivative simultaneously equal 
to zero, and the isothermal in question fulfils all the con- 
ditions which should hold at the critical temperature. 

It is easy to show that all the curves in the neighbor- 
hood of the critical temperature have the general charac- 
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teristics which were anticipated by Professor Thomson; 
and to prove by a second differentiation, as well as by ac- 
tually plotting these curves, that the elasticity and its deriv- 
ative do not more than twice pass through the value zero. 
We have, therefore, every reason to expect that the true 
form of the equation may have been found for the curves 
whose characteristics were predicted thirteen years ago. 
If we suppose equations I. and II. to be simultaneously 

equal to zero, we have, multiplying I. by 6, dividing 

pt 
both equations by — — , and transposing, 

6/ '(7 — O T_ (3/-2O _ 36C r , £-1 

l l (4 — i') T (3/ - 2_ry + iv 3 6/ * r g, -1 

whence 

ejl <J°— ir ) T(zi—zV) = 11 (4—Q t ( 3 i— 2 ry-\-ir 
i* (/—/') t {i— i') i z (i — i')T {i — iy 

Clearing of fractions and common factors, 

6 (/—/') (3/— 2/') = (3/— zl'Y + //' 

i8/ a — 1 zll' — 18//' -)- 12/" = 9/* — 12//' + 4/'* + //' 

9/* — 1 9//' -f 8/' 2 = o 

/* _ 19 ir + /i|V r . = /i|V r . _ _8 p 

J- = -12. ± I/19V 8 

Since / is essentially greater than /', only the positive 
root is to be taken, and we have, finally, in the critical 
state, the condition, 

Y — J -53 022 HI. 
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Substituting this value in the equation 
E = ?L (~T=j) + 2 P" = o, we have 
= 1.228, nearly, whence 
0.228, nearly. 

Substituting for P" its value, P " 1? = P Q " fjfjfJlX 
P f = 0.09566 (-^) 6 ^>" IV. 

P= 0.01776 (-^)V v. 

The last expression was obtained by taking the differ- 
ence of two very nearly equal values, and is therefore not 
very reliable. If the atoms are spherical, the appar- 
ent molecular diameter (or shortening of the free path) 
will be less, the further the molecules are apart; in a 
linear expansion, therefore, of from forty to fifty per 
cent., we must on this account look for a greater free 
path, and consequently a less kinetic pressure; further- 
more, since for great distances the law of variation of the 
magnetic attraction is inversely as some power much 
greater than the fourth, and we have supposed that the aver- 
age power is the fourth, it follows that at short distances 
the attraction, according to the analogy, cannot vary quite 
so rapidly. Both these causes combined would tend to 
diminish the external pressure, the first by lessening the 
frequency of impact of the molecules (or atoms), the 
second by holding them more closely together; the result 
is that we must expect to find that the external pressure, 
calculated in this way, is considerably too great. 
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By inspection of the figures given, it will be seen that a 
combined variation of about twenty per cent, in these two 
pressures would annihilate completely the external pres- 
sure; hence if the observed values lie between zero and 
those calculated, the total error due to disturbing causes 
cannot exceed twenty per cent. 

For the critical temperature, 7\, we have from §2, I. 
(see §6, init.) the formula, 

p> __ pi f lg (Jo I ) ■*■ 






Hence 



t x _ p: /,•(/,— n 



t p: i:(i —n 

= 0.09566 \kV^r 0-53O2) 2 (-53O2) j^-j, 



or, finally, 



T > — .11876 f4T4^ i-^-p VI - 



■ o 



T — • ' \l'j P' I— I' 



an equation by which the value of the critical temperature 
may be determined when we know at any temperature T 
the ratio of /' to / . We have seen reason to expect that 
our formulae are to be relied upon within ten or twenty 
per cent, and shall hope to find, accordingly, later on, 
that the values of the critical temperature, calculated by 
this formula, are sufficiently close to those estimated by 
Cagniard de la Tour. 

§ 11. The surface tension of a liquid is very easily 
determined by means of the height to which it will rise 
in a capillary tube, of known diameter, which it thoroughly 
wets. It is believed that the surface tends to contract 
with a perfectly measurable force, not depending upon 
the depth of the liquid, but being the same for the thin- 
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nest possible film (in a soap-bubble for instance), as in 
the surface of deep water. The contractile force depends, 
accordingly, upon the breadth of the film, and not on its 
thickness; and in Everett's Units and Physical Con- 
stants (page 42, § 46) we find the tension in dynes of a 
surface a centimetre broad. Since a film has two surfaces, 
each with a tension independent, nearly, of the thickness 
as assigned, to produce a given film would require a 
perfectly measurable quantity of work, which, in the thin- 
nest possible films, must be a considerable fraction of 
that necessary to convert the liquid into vapor. 

This fraction is easily determined theoretically. For 
the latent heat, instead of the series, 

i2(i + G) 2 +G) 2 +a) 2 + etc.) 

which represents the equivalent of the total number of 
atoms from which a given atom has to be separated, we 
now have only 

6(i + (i)3+G)3+G)3 + etc.) 

the molecules all lying in one plane. From each of these 
must be subtracted, as before, the equivalent of the num- 
ber of atoms which remain clinging to a given atom in 
the state of vapor. The value of the last series, which is 
the more convergent of the two, is easily found to be 
7.206, which, subtracted from the first series, or 19.740, 
leaves 12.534 to represent the work done in stretching the 
film. 

Hence the fraction of the work spent in this way is 

_—_l534_ or f or or di nar y liquids about two-thirds of 
A- (19.740)' 

that required for complete vaporization. 

It is therefore easy, if we know the principal ratio, K, 

to find the thickness of the thinnest possible film. To 

generate each square centimetre of such a film, the tension 
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(iS) of each surface must be overcome through the dis- 
tance of one centimetre, requiring an expenditure of en- 
ergy equal numerically to twice this tension; the density 
of the film being D and the thickness /, the weight will be 
ID and the equivalent of the internal latent heat JLID, 
about two-thirds of which is required to laminate the 
liquid in this way. Equating the two expressions for the 

work, we have '5347 _ 2 c w hence 

(19.740) K 

7—3-15 KS TT 

i-— jTW -, 11. 

a formula by which the absolute thickness of a molecular 
film may be calculated according to the theory.* 

If we could regard the cohesive pressure across a 
square centimetre of surface as the sum of the contractile 
forces of a sufficient number of films of thickness /, and 
cutting the surface at right-angles, we should at once 
obtain an expression for the cohesive pressure; but we 
must remember to take into account the effect of oblique 
action, and the accumulative attraction of successive 
shells, which will increase the results in the ratio of the 
two series, (1) and (2), 

(o 1 + ay + a) 3 + a) 3 + etc. 

+ G) 3 +G) 3 +G) 3 + etc. 

+ (*) 3 + (i) 3 + etc. 

+ (i)» + etc. 

-)- etc. 

(*) 1 + ay + ay + ay + etc. 

+ ay + ay + ay + etc. 

+ ay + a) 4 + etc. 

+ ay + etc. 

-\- etc. 

* The usual expression for this thickness, / = ■ ^ — — , entirely disregards the fact that the 

liquid is only partly volatilized when reduced to a thin film. For the results of another method 
of calculating the molecular diameter, see Ruhlmann, Volume II., page 237. 
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The first series is evidently equal to 

1 + ay + ay + ay + etc. = *. 

the second is equal to 

1 4- a) 3 + a) 3 + a) 3 + etc. 

which is equal to 1.201 -\- ; so that we have 

P" = 3-'5 $ TIL 

which, combined with II., gives by an independent method 
of reasoning the same result as before, namely, 

JLD = K P", 
since we have disregarded signs, and have considered the 
external pressure equal to zero. 

Now the thickness of a molecular film, having been 
determined by various methods for a few elementary sub- 
stances, can be calculated for any substance whose graphi- 
cal symbol is known ;* and hence if the surface tension is 
given, formula III. enables us to determine the cohesive 
pressure, and indirectly any of the other physical con- 
stants in terms of which it may be expressed. 

§ 12. The difference between the specific heats of a 
substance in the liquid and in the gaseous state is, as we 
have seen, other things being equal, the measure of the 
work done in separating the particles by the amount cor- 
responding to an increase of one degree in temperature. 
The sum of all such elementary quantities of work done in 
an indefinite expansion is the internal latent heat of vapor- 
ization; and, conversely, we may regard the difference of 
these two specific heats as the change of the internal 
latent heat per degree of temperature, or, what is the same 
thing, the derivative of this latent heat with respect to 
the temperature. 

In order, however, that this rule may apply in all strict- 
ness, the temperature of the liquid and vapor whose specific 

* See also Riihlmann, ibid. "Untersuchungen iiber die absoluten Grossen der Molecule." 
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heats are compared must be the same; and of course the 
specific heats must be corrected for the external work 
done in each case. For liquids this may generally be 
disregarded ; but for vapors we must multiply the external 
pressure in dynes by the coefficient of expansion, remem- 
bering to divide by 42,000,000 and by the density, if the 
result is to be expressed in heat units per unit weight. 
Deducting this number from the ordinary specific heat, we 
have that under constant volume. The specific heat of 
the liquid at the same temperature necessarily exceeds 
this by the amount of the diminution of the latent heat of 
vaporization per unit of temperature. 

To find an expression for this difference, we have 
merely to differentiate the equation for the latent heat 
already found, namely, 

K t~. , m, T I 

— Dv\ — '- 
3 m 



JLD=^-Dvl^- -L. 7 _- 7> , 



where we notice that D may be cancelled, and that A' is 
the principal ratio, not far from unity, which we have 
already calculated for several liquids. 

In the liquid or solid state, it must be supposed that the 
expansion is accompanied by a grouping of the atoms; 
hence K must not be disregarded, and we have 

T dL^ — KL <_ **i [ ((?— Q—Q T dl , / \ 
J dT~~ 3 T m \ (l—iy dT~T~ l—V) 

__K_it L m 1 l_ _ K vlm.T V dl 

- 3 To m(l—r) 3 mT {J—iydT 

= J (//' — H) , where H and H' are the specific heats 
of the liquid and of the vapor. 

Substituting for — — its value — , we have 
dT 3 

T(ff H>\— K ~? m i T * l ' 1 K < m > l T 
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a formula by which w.e may determine the difference of 
specific heats if we know the coefficient of expansion, the 
factor TTand the ratio of/' to /. 

The formula may also be written, substituting L for its 
value, 

(H-H 1 = L(- J *L r) -2 r ), I. a. 

still involving the ratio of the molecular diameter to the 
free path. 

But since the work done in expansion is the product of 
the coefficient by the pressure overcome, less the affinity 
satisfied, we may also write 

J(H—H')=KP"t, II. 

in which, substituting any value of P", we have from III. 
§ 11, from II. § 1, and from III. § I, 

/ (H— H') D = K 3 ' I5 / — = JLDe = KEe T, III. 

whence we see that (H — H') = Le. IV. 

By means of these formulae the difference may be deter- 
mined between the specific heat in the liquid state and 
that under constant volume in the state of vapor. 

§ 13. We have now considered the principal physical 
constants, and we find, with the exception of a few rela- 
tions between them which are independent, that -all involve 
in some way the ratio of the molecular diameter to the 
free path. It does not, therefore, seem surprising that 
the relations which still remain to be established should 
have escaped the notice of a scientific world which has 
until recently* been bent upon the solution of the molec- 
ular theory of liquids and solids on the false supposition 
that the molecules were very far apart, and the repulsive 

* See Ruhlmann, ibid. 
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forces exerted at considerable distances, the atoms being 
hypothetically soft though perfectly elastic bodies. 

In the next section we shall consider the ratio of the 
molecular diameter, or shortening of the" free path, to the 
whole molecular distance; the object of the present section 
is to obtain formulae for actual use, from which this troub- 
lesome factor may have been eliminated. 

We have already obtained three equations independent 
of the free path, namely, 

£r = * « 

Le = H-ir. (3) 

We have, moreover, equations involving the ratio of /' to 
/, namely, 

T 4/' — 3/ ' ^ 5) 

and 

Gft-T) -■»■*-? ^^ « 

In these equations A ZJ, , t£ and — - are well-known 

* m 

physical constants. 

J= 42,000,000 (C. G. S.) 

vl = 33,948,000,000 (C. G. S.) 

T a =273° (Centigrade). 

. — is half the "molecular weight." 
m l 
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K is the "principal ratio" defined above, which may be 
calculated approximately for a homogeneous substance by 
the formula, 

20zm 

J^ being the "quantivalence''' of the atom whose molec- 
ular weight is m. 

Finally the thickness of the molecular film, /, which is 
closely connected with the absolute weight of the mole- 
cule, may be calculated with more or less accuracy by 
reasoning from its value in a known case to that in an un- 
. known. For this, of course, an approximate knowledge 
of the atomic grouping is necessary. 

It is evident that two more data must be had in order 
to obtain a complete solution of the problem, and these 
are evidently the free path and the strength of the attrac- 
tion of each atom. That is, we must have a description 
in full of the nature and distribution of the material with 
which we have to deal, in order to be able to predict its 
specific properties under any imposed conditions. 

The determination of the density is evidently equiva- 
lent to that of the free path, for, under given conditions 
of pressure, volume and temperature, the free path is 
determined, by the kinetic theory, when the density and 
molecular weight are given; but we are yet unable to 
determine the attractive power of the various elementary 
atoms, owing to the insufficiency of the data. It is evi- 
dent, therefore, a priori, that the absolute calculation of 
the physical constants will be impossible, until by sure but 
laborious methods these atomic constants shall have been 
worked out. 

We have, therefore, fo depend upon six equations to de- 
termine the ratios between seven unknown quantities, 
which is clearly possible. These seven quantities are 
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the free path, latent heat, elasticity, expansion, critical 
temperature, specific heat, and capillarity; and it is evident 
that we may completely eliminate the free path, and have 
five equations connecting the remaining constants, or, if 
we choose to leave out the surface tension, which alone 
involves the doubtful factor /, have left four equations 
connecting the five most important physical constants. 
It follows that, if the value of a single one of these 
is given, that of all the rest will be determined; if two are 
given, then the others may be determined, independent 
either of the molecular distance or of the principal ratio; 
if three are given, all may be determined, independent of 
any theoretical consideration. 

It is not proposed to work out a multitude of equations 
which can evidently arise from the various combinations 
of these quantities ; it will be sufficient to deduce a few 
which will be found convenient for actual use, and others 
by which the Theory may be thoroughly tested. 

For instance, from (1), (4) and (5), 

Lme = (5.922 + 7.896c 7 1 ) |~i — tm ^ 1 I. 

L 2ti%m J 

From (1) we have 

v*=*.r[>--|g] n. 

From II. and (2) we have 

From II. and III. we have 

I£eT= 3.15 6*. IV. 

From III. and (3), 

/(^ -//<)/*= 3-5 *[r--|§f] v. 
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From (3) directly, 

(H— H') = Le. VI. 

From I. and VI., 

(H— H') m = (5.922 -f 7.8 9 6e T) \i — tm ^ 
" L 26Zm 

From IV. and V., 



VII. 



2o%m 



VIII. 



From (4) and (5), 

^ t*mT= 82,898,000 (3 + 4 c7 , )Z>. IX. 

And finally, from (5) and (6), 
T,e (3 + 3<^) 3 ^ = 0.11876 (3 + 4 e^)4 (P' + P). X. 

These formulae nearly all involve e, which is one of the 
most generally, if not most accurately, known of all the 
physical constants, thanks to the efforts of Kopp and 
Pierre. When, however, as in the case of water, the 
coefficient is hidden under some molecular change, the 
value may easily be eliminated. It should be remembered, 
however, that any molecular change that affects the ex- 
pansion will also alter the compressibility, so that we 
can no longer depend upon the value of E. 

The relations between the other constants will not in 
general be disturbed. 

§ 14. The truth of the ten equations of the last section 
is easily shown, in the case of most liquids, to hold within 
reasonable limits. In many cases, if not in most cases, the 
error committed by using these formulae is not large as 
compared with the error of actual observation. To ex- 
amine in detail the application of these equations to the 
hundred or more substances whose constants have been 
determined would require an almost endless amount of 
labor. A brief consideration may not be out of place. 
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The general truth of the first equation was anticipated 
in Miller's Chemical Physics, where, on page 342, he 
gives a table of the Latent heat for equal Volumes. 
The cause of the variation of these latent heats, together 
with that of their approximate agreement, is now ex- 
plained, being due to the fact that the coefficient of 
expansion varies through narrow limits for all ordinary 
liquids. 

The average value of the product of the internal latent 
heat by the molecular weight is easily found from Miller's 
Table to be about 7,700. The average value of the 
coefficient of voluminal expansion at the boiling point (say 
8o°) is not far from .0012;* the product is therefore about 
9.2, and the second term is equal to 5.9 -\~ 3.3, or 9.2 
about, which sufficiently establishes the general truth of 
the formula. 

The second formula has been already discussed; the 
third and the two following are of interest as giving the 
absolute thickness of a molecule. 

We have for water in equation III. 

/ = — 3" 5 X -93 __ aD out ten thousand-mil- 

575 X 42,000,000 X 1 

lionths of a centimetre, instead of forty-six, according to 
Riihlmann. Professor Cooke has suggested five thousand- 
millionths as the most probable number.f 
. The formulae for the difference of the internal specific 
heats of the liquid and vapor are easily shown to agree, as 
nearly as could be expected, with the observations of 
Regnault, in which these two specific heats are in no case 
determined for the same range of temperature. 

The specific heat of ether vapor is, for instance, 0.48, 
nearly, from which, deducting 0.03 for external work, we 

* See Tables for expansion, Sharpies, pages 68-72. 
f In the New Chemistry, page 34, fin. 
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have 0.45 for the specific heat under constant volume, for 
a range of temperature from 70 to 220 . Now since the 
specific heat of ether is 0.53 at o° and 0.55 at 35 , we may 
assume that at 70 it would be about 0.57, and at 140 
about 0.61, the excess being in the neighborhood of 0.14; 
the latent heat being 82 (Regnault — Zeuner) and the rel- 
ative coefficient of expansion about .0017, we should have 
for both sides of equation VI. the number 0.14, so that, as far 
as these figures show, the relation ma}' be perfectly exact. 

The case of bromine is of unusual interest, it being an 
elementary liquid; in equation VII. we have without any 
correction H — ^' = .0574, which multiplied by the 
molecular weight (160) gives 9.2, nearly. The coefficient 
of relative expansion being about .0013 at the given tem- 
perature (8o° -|- ), gives about 3.7 for the second term in 
the parenthesis; adding we have 9.6, which finally mul- 
tiplied by the principal ratio (.95) gives 9.2, nearly, for 
the other side. 

There are many other cases of agreement, and indeed 
it may be said that there is no case in which the truth of 
the formulae for specific heat can be disproved; neverthe- 
less, the evidence is negative, and all that is claimed for 
these formulae is to represent approximately the difference 
between the specific heats of the liquid and vapor. 

When it comes to solid bodies, or such a dense liquid 
as mercury, a glance will be sufficient to show that these 
formulae for specific heat do not hold at all; and neither 
does formula IX. connecting the elasticity and expansion. 
It would appear as if the cohesive force varied inversely as 
some power of the distance much less than the fourth, as 
would be the case if the molecules were in absolute con- 
tact during even a considerable portion of the time which 
we suppose to be occupied by a vibration. By referring to 
the original formulae, it will be seen that the rate of ex- 
pansion will be greatly diminished in this case; and hence 
the constants will nearly all be affected. 



§ 15 OF ARTS AND SCIENCES. 413 

The laws for dense solids could easily be established by 
the same methods of reasoning; but their discussion would 
exceed the intended limit of this paper. It may, however, 
be observed that the products of the coefficients are usu- 
ally from one-third to one-half as great for solids as for 
liquids, and that the law of variation of the force which 
binds them together, being compounded probably of at- 
tractive and repulsive forces, appears to vary inversely as 
some power of the distance not far from the square. 

The critical temperatures calculated by formula X. 
come out, for the four liquids examined by Cagniard de 
la Tour, about ten per cent, higher than his estimate ; it is 
possible that under different conditions a more elevated 
temperature might have been required, but it is more 
likely that the theory is at fault. Many considerations 
have been left out of account which would indicate just 
such an error. In particular I would mention the same 
causes which led us before to expect a still greater diver- 
gence in the expressions for the pressure at this temperature 
(§ 10) and the difference between the mean and probable 
velocity of the molecule, all of which considerations must 
at present be passed over. 

The ten equations of the last article appear to be borne 
out by experience in the case of a hundred liquids, as close- 
ly as one would have a right to expect, in view of the minor 
considerations which have been of necessity disregarded. 
By means of a more general analysis, outlined in § 16, I 
have been able to prove that the same would not have 
been true if we had assigned an essentially different 
law to the variation of the cohesive force; the relations 
calculated between all these constants would have been 
in that case entirely out of proportion. 

§ 15. To facilitate the use and application of the for- 
mulae of § 13, connecting the latent heat, elasticity, expan- 
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sion, specific heat, critical temperature and surface ten- 
sion, tables have been constructed expressing the value 
of each of these constants in terms of the ratio of /' to / , 
called the Principal Argument. In the case of the coef- 
ficient of expansion, the ratio was calculated in Table X. 
explicitly in terms of e, for o° centigrade, by means of the 
formula I. a, of § J, 

which became — - = ^-it 9_£? j 

4 3 + io 9 2 e ° 

For the critical temperature ( T t ) in Table XI. formula 
(6) of § 13 was employed, at the temperature zero, neglect- 
ing the external pressure. This became 

t, = 32.42 4- C-PiVi - -Pi 11 



32 -* 2 + (4) (' " 4) 



For the elasticity at o° centigrade in Table XII. the 
equation, 

IL — 
~Bf = T^ ? 7 V* x ?-544 X io» III. 

( J -x) 

was employed, being obtained by dividing equation (4) of 
§ 13 by equation (5) of the same section, and substituting 
the values of the constants. 

For the latent heat, in Table XIII., calculated at intervals 
of io° from o° to 150 , the fundamental equation I. of § 3 
was used in the form, 

Finally the difference of the specific heats in the liquid 
state under constant pressure and under constant volume 
is calculated in Table XIV. for the same intervals, by a 
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formula derived from the fundamental equation and from 
equations (3) and (5) of § 13, namely, 

(H—H')m . ( l' \ ,r 

^ K -5-9^(4 T -3) V. 

For curiosity's sake, Table XV. was also constructed 
to show the surface tension at intervals of io° correspond- 
ing to a given ratio of /' to /. It was assumed that the 
density varied as the quotient of the absolute molecular 
weight by the cube of the absolute molecular distance ; 
and having determined the value of / for water (about 
.000,000,01), we have from § 13, IV. and (4), approxi- 
mately, 



S>W = ^(x-^-i 



T 

~& °~ " V" I J To 

by which the value of S may be calculated roughly from 
that of I' -T- /, and conversely. 

In the construction of the last three tables it was neces- 
sary to calculate the ratio, /' -r- I, at various temperatures, 
in terms of its value at o°, which might have been done 
indirectly by means of Table X. and Table III. — the ratio 
varying inversely as the cube root of the volume. To 
facilitate this calculation, however, an auxiliary table 
was constructed (XVI.), by means of which, if the ratio 
of /' to / is known at any one temperature, it may be 
found at any other. 

It is easy by means of these tables to find the values of 
all of the six specific constants of this section, when any 
one is given. By reference to the proper table, the ratio 
of /' to l Q can be found, already reduced to the tem- 
perature zero ; then with this as an argument, the val- 
ues of the other constants can be derived, each from its 
own table. It is assumed that the density and molecular 
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weight are known, and also the quantivalence of the vari- 
ous atoms which compose the molecule. 

To present the results of the theory in the clearest form, 
and in the smallest possible compass to compare them with 
those of observation, Table XVIII. has been constructed; 
the old-fashioned names of the substances, which are ex- 
clusively liquids, are placed in the first column; the most 
modern symbols follow, and to still further identify the 
liquids, the density, boiling point and melting point are 
added, mostly from the determinations of Kopp and 
Pierre. The value of the Principal Argument, /' -r- /, is 
then tabulated in three columns, calculated respectively 
from the expansion, the critical temperature and the latent 
heat.* The last column contains references to the tables 
or sections where the liquid in question has received a 
special examination, so that the comparison may easily be 
made. 

The truth of the theory is illustrated by the general 
agreement of the values of the Principal Argument calcu- 
lated from different data; its practical use is limited only 
by the accuracy with which, from the most probable value 
of the Argument, the various constants may be derived. 

§ 1 6. The treatment of the specific heat of gases, the 
tension of vapors and the expansion of liquids subject to 
a change of state involves the use of the theory of proba- 
bility, which is foreign to the purpose of this paper. It 
seemed, however, desirable to show that there was nothing 
in these phenomena necessarily inconsistent with the law 
which we have assigned to the variation of the force of 
cohesion. 

The similarity between a velocity in the kinetic theory 
and an accidental error in the theory of probability is seen 
from various considerations. Knowing only, in any spe- 

* Calling unity the value of K. 
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cial case, that the velocity or error is positive and finite, 
we are able, nevertheless, to calculate from various data 
the average, the mean, and the probable value. The 
chances are the same for positive as for negative magni- 
tudes, and the principle of the conservation of energy 
requires that velocities taken at random, like errors, shall be 
compounded so that the mean square of the resultant may 
be equal to the sum of the mean squares of the com- 
ponents. 

If we possessed absolutely no knowlege of the mechan- 
ism by which velocities are determined, our only choice 
would be to apply the same rules as to accidental errors; 
and by comparing the different formulae which have been 
suggested for the kinetic theory, one might easily become 
convinced that the substitution of one formula for another 
is not likely to cause a mistake of more than one place in 
the decimal point. 

The formula for the probability (<£c) of a velocity of a 
g-as molecule., for instance, being less than c, may be 
deduced from Watson's formula, in his Kinetic Theory 
of Gases, page 5, namely, 



<f>c = 4& f'trtefdc 



while Chauvenet's formula for the probability that an error 
will be less than t is 

<bt—~^-f t e- tt dt. 

Y Vtt Jo 

The formulae for solids and liquids have not apparently 
been worked out, and, in complete ignorance of the mech- 
anism which determines the kinetic energy of a given 
particle, we can obtain an approximation, only, to the dis- 
tribution of velocities, by means of the more general theory 
of probability. For convenience of reference, a table of 
the probability of errors has been appended, calculated by 
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Chauvenet, from o to 5 times the probable error; and Mr. 
Haskell has extended this table in logarithms from 5 to 
100 times the probable error. It will therefore be an easy 
matter to calculate, roughly, the chances of all the different 
velocities which are likely to occur, and to see whether 
the various phenomena, such as have been described, can 
be attributed to the inequality of their distribution accord- 
ing to the laws of chance. The results must be accepted 
with the greatest caution, as indicating the possibility of 
explaining the phenomena in this way, and not the proba- 
bility of having found the true solution. 

The internal molecular heat has been so successfully 
treated of late, by the ordinary assumptions of the Kinetic 
Theory, that there can be little or no question that the sub- 
ject is properly a branch of this theory, and consequently, 
being entirely independent of cohesion, cannot conflict 
with any supposition as to the nature of the latter. 

The question of vapor tensions needs a special examina- 
tion. 

Maxwell has pointed out in his Theory of Heat, under 
the "Molecular Theory of Evaporation and Condensation" 
(page 323), that a liquid in contact with its vapor is in 
equilibrium when the rate of evaporation of the liquid is 
equal to the rate of condensation of the vapor, both being 
determined by the laws of chance. 

By assuming that the total energy of a substance varies 
as the square of a velocity, we may at once obtain expres- 
sions for the probability of a particle of water becoming 
steam and a particle of steam becoming water, taking into 
account the interchange across any surface which separates 
them. The theoretical solution will be of the general form, 

the demonstration of this formula (which is itself of slight 
importance) will be omitted on account of its length. A 
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is the ratio of the probable to the mean velocity, and B 
may be taken as 1.974; Wis the total energy contained in 
the substance; and n is nearly equal to unity. The for- 
mula indicates, in a general way, the variation of vapor ten- 
sion with the temperature and in different substances. 
Solved by the ordinary tables of probability, its results 
may vary widely from the truth (though seldom by more 
than one decimal place), which is in part owing to the 
uncertainty of the true value of W. Were there a table 
constructed to represent the actual probability of a velocity 
bearing various ratios to the probable velocity, one might 
reasonably expect to obtain more accurate results. 

The theory of probability throws much light on the sub- 
ject of the expansion of liquids near their melting point. 

In the solid or crystalline state, bodies may occupy 
more or less space than in a state of fusion, according to 
circumstances; and we conclude that there must exist cer- 
tain molecular arrangements which are more compact, and 
others Jess compact, than a simple chance distribution.* 

Whenever a particle contains two or more molecules 
having, as a system, sufficient velocity to overcome their 
mutual cohesion, the particle may be said to be in a state 
of fusion; if, on the other hand, their velocity is so slight 
that the molecules must return to the same relative posi- 
tions, the particle may be considered to be solid. 

The principle of the distribution of velocities asserts that 
in any substance in which the mean velocity is given, 
there are always a certain number of molecules which 
have, for the moment, more than twice that velocity, for 
instance; that no matter how high the temperature may 
be raised, through the inequalities of chance, there will 
always be some molecules whose relative velocities are 

* A homely illustration might be derived from architecture, in which the general structure 
is less aggregated, and the solid portions more so, than the materials would be if completely 
disarranged. 
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insufficient, for the time being, to carry them out of the 
sphere of their mutual attraction; and that no matter how 
low the temperature may be, there will always be some 
which are free to move under the influence of external 
forces.* 

It follows that in liquids, solid particles, in solids, liquid 
particles must always be present. 

What distinguishes a solid from a liquid is not, therefore, 
according to this theory, the fact that all particles are 
either solid or liquid; but simply that the rate of solid- 
ification or of liquefaction, as the case may be, is in excess ; 
so that a structure once set up is capable, in solids, of 
maintaining itself, while in liquids it never attains more than 
indefinitely small dimensions. 

The existence, however, of an indefinite number of these 
indefinitely small solid particles is easily seen to have a 
marked influence on the volume whenever in the solid 
state the density is considerably different from that of the 
liquid. 

Conspicuous amongst all liquids in this respect stands 
water, which expands greatly on solidifying. In all such 
liquids, the continual formation of solid particles, be it only 
for an instant, must tend to increase the volume, and the 
colder the liquid becomes, the greater will be the propor- 
tion of solid particles at any instant; so that, other things 
being equal, the liquid will expand by cooling. 

On the other hand, if the solid be denser than the liquid, 
the rate of expansion with the temperature will be in- 
creased by the gradual disappearance of solid particles. 

The existence, therefore, of exceptions to the general 
law of expansion does not militate in any way against the 
validity of the reasoning by which it was established. 

As in the case of vapor tensions, the quantitative appli- 
cation of the theory of probability is beset with mathe- 

* The practical effect is seen, undoubtedly, in the slow yielding of the hardest rocks to 
enormous pressures, discussed in Geology, and in the so-called viscosity of ice. 
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matical difficulty and practical objections. It may per- 
haps be allowable to suggest that, from almost any point 
of view, there will be in melting ice only from fifty to 
seventy per cent, of solid particles, and in freezing water 
nearly one-half as many, but in boiling water not more than 
one-third ; so that the number which disappear in melting is 
not more than twice the number which are eliminated 
when the liquid is raised to boiling. The true expansion, 
therefore, from o° to ioo°, instead of being 1.04, may be 
from 1.08 to 1. 10, and the real coefficient at o° is probably 
from .0006 to .0008, increasing regularly with the tem- 
perature, as in the case of an ordinary liquid. 



§ 17. The investigation of the hypothesis that the cohe- 
sive forces vary inversely as the 4 th power of the distance 
has now been carried as far as was originally intended. 
The results of other hypotheses remain to be determined. 

In equation IV. § 2, 

If a different value be assigned to a, we can see that 
the relation between the latent heat and the other con- 
stants will be materially altered. There being no reason 
on the whole to suppose that the value already considered 
is either too great or too small, and since a determines, in 
a certain way, the average rate of change of the cohesion, 
it follows that we are not allowed any great width in the 
nature of our fundamental hypothesis. 

It is not so with the cohesion at short distances. In the 
condition of equilibrium, 

P + P' + P" = o, 

if we write P" : P " = 1% : I* , we shall obtain equations 
as before for the elasticity and the expansion, which may be 
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at once reduced to the iorms already obtained by putting 
x =6.* 
We have 



€ = 



^Pct^** r£ " "] 



whence, by substitution, we shall find .Zie 7"= .P/ as before. 
Disregarding P in comparison with JS or I 3 ', and treat- 
ing ^ as a constant, we have by differentiation, 

de _ e , \\x — 2~l 3 T3 4- (^ — 3) eT ~\ 
_ _ _ <* _ 3; [ __-j L 3 -4.(^_ 2 ) e yJ- 1 

p— 2 "| f 3 + (^ — 3) <^ ~|_ - 
U_ 3 J L 3 _j_(^_ 2 ) e yJ 

= _fl(6#— 15 4- e 7 , (*» — 5^ + 6)) III. 

9 

^1 =_!?. j 2(6^-i 5 +7e(^— S x-\-6)y+ 9 (x*-$x+6) ),„ 
</7^ 8il + 7e(^— 5a?+6)(6a;— i54-7e(^— 5a;+6))J ' 

etc. 

From equations III. it is easily seen that x cannot be 
constant and less than 3, since it is well known that the 
rate of expansion increases with the temperature. 

There is much however to indicate for x a smaller value 
than 6; the rate of expansion does not increase quite so rap- 
idly on the whole as our first analysis would indicate, and 
from the analogy of small magnets we should expect that at 
short distances the attraction should vary, for compound 
substances, inversely as some power of the distance be- 

* It will be noticed that the value of x is here greater by 2 units than in § a, denoting the 
rate of variation of the pressure, not the attraction. 
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tween the fourth and the square ; that is, we should expect 
to find 6 > x > 4. 

The effect of diminishing x will be evidently to increase 
the elasticity and to diminish the expansion in like pro- 
portion, so that the product £e T will not be affected, and 
hence the principal ratio, K, will remain the same; but 
the specific heat, which involves the product Ee 2 T, will be 
diminished, as we have already seen is the case in solid 
bodies. 

A diminution of a? would, however, increase the calcula- 
ted value of the critical temperature, which we have seen 
is already too high, and this alone is sufficient to counter- 
balance the weight of the argument founded upon expan- 
sion. 

By giving different values to x, all possible relations may 
be represented between e and its derivative; by assigning 
arbitrary values to x at different temperatures, any law of 
expansion can be expressed ; and if our reasoning has been 
correct, when the true relations between the derivatives 
shall have been determined with still greater accuracy than 
at present, we shall be able to conclude precisely by what 
law the cohesion actually varies in different states of aggre- 
gation, and we may then class under the head of accurate 
knowledge what has so far been only hypothetical. 



§ 18. The above sections were already in the press 
when the communication of D. Mendelejeff, On the Ex- 
pansion of Liquids, published in the April Journal of the 
Chemical Society at London, first came to my notice. 
The table for the expansion of liquids, quoted from 
Thorpe, has been reprinted in full (Table VIII.) and is a 
most striking confirmation of the uniformity of the law of 
expansion of liquids, pointed out in § 9. One can hardly 
avoid the conclusion that the experiments of Thorpe must 
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have been remarkably free from sources of accidental 
error. 

MendelejefF points out that the law of expansion may be 
represented, within the limit of error of observation, by the 
extremely simple empirical formula, 

V t = - 



-kt ' 

where k is a constant very nearly equal to the coefficient 
of expansion. 

By calculating k for the next to the highest temperature 
in the table, I find an average error of only five ten-thou- 
sandths in the use of this formula for the 47 liquids exam- 
ined by Thorpe. The formula claims, therefore, a careful 
investigation. 

Differentiating and dividing by the volume, we have 

dV k 



Vdt ' " 1 — kt 

de k 2 ___ 

dt ~ {\—kty 

d*e 



I. 
II. 



df 

= n! e", etc. 



2€* III. 



dt" 

The first derivative is therefore only about one-third as 
great as the Theory would indicate, and the other deriva- 
tives are also much smaller, so that the isobaric curves 
will be straighter; but from Table VII. it will be suffi- 
ciently evident that the whole difference in question is less 
than the mean difference between two observers such as 
Kopp and Pierre. 

From a purely empirical point of view, it is not easy to 
decide between the relative values of the formula of Men- 
delejeff and that of the Theory. 
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In the case of the 47 liquids examined by Thorpe, it must 
be frankly admitted that although the observed values lie, 
in every case but one, between those calculated by the 
two formulae, the average is twice as near the indication 
of Mendelejeff as to that of the Theory. More significance 
would, however, be attached to this fact, were there a 
sufficient number of observations, made independently, 
with which the results of Thorpe might be compared. 
The curvature of the line representing the expansion is 
subject to a constant error due to the standards of com- 
parison ; and the fact that nearly every other observer has 
found a greater curvature, not only for liquids in general, 
but also for those few examined in common with Thorpe, 
should not be left out of account. 

For the purpose of comparison, Table IX. was con- 
structed, showing the differences between the volumes 
according to Mendelejeff's formula and those from the 
mean results of Kopp and Pierre, for the eleven liquids 
already examined. 

It will be noticed that the volumes for ether do not 
agree with those calculated by Mendelejeff*, owing prob- 
ably to the use of other data by the same observers, 
which I have not been able to discover. The figures 
taken from Sharpies' Tables are not so favorable as those 
quoted in the paper. The sums of the squares of the 
differences are represented in the table below. 

If, for various reasons, butyric acid be omitted from 
the list, the sums of the squares of the errors will be 
2,432,832 for Kopp and Pierre, 2,289,662 for Mendelejeff", 
and 414,460, for the Theory; or, throwing out fusel-oil, 
which is most unfavorable to Mendelejeff, the sums will 
become 1,551,256, 736,953, and 243,518, respectively. 

The statement of Mendelejeff, that the empirical for- 
mula represents the expansion within the limit of error of 
observation, is therefore completely borne out in the case 
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Name of the Liquid. 


3 rt 


Sum of the squares 
of the differences 
between Kopp and 

Pierre. 
(See Table VII.) 


Do. between 

Mendelejeff's for. 

mula and their 

mean. 
(See Table IX.) 


Do. between the 
Theory and their 

mean. 
(See Table VII.) 


I. Wood Spirit. 


6 


358,654 


6,379 


8,947 


2. Alcohol. 


7 


22,416 


24,150 


2,986 


3. Ether. 


3 


2,39° 


2,837 


221 


4. Aldehyde. 


2 


114,225 


3,249 


569 


5. Acetate of 

Ethyl. 


7. 


226,751 


90,236 


2,180 


6. Acetate of 

Methyl. 

7. Formate of 

Ethyl. 


5 
5 


3?>854 
13,181 


16,783 

7,722 


598 

5,455 


8. Fusel-oil. 


H 


881,576 


^552,709 


170,942 


9. Butyrate of 

Methyl. 

10. Butyrate of 

Ethyl. 


10 
11 


374,221 
406,564 


142,927 
442,670 


145,801 
76,761 


11. Butyric 

Acid. 


15 
85 


377*433 


78,600 


1,242,141 


Total 


2,810,265 


2,368,262 


1,656,601 



of these eleven liquids, whether we reject certain of them 
or not; it is equally obvious that our own formula here 
affords a still closer approximation. In the case of the sev- 
enty-five liquids of Table VII., it will be found that the 
average ratio between the coefficients, A, B and C, corres- 
ponds a little more closely to the Theory than to the em- 
pirical formula, being nearly midway between the two. 

There are not sufficient data to prove that either formu- 
la may not be absolutely true; but the indication of such 
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facts as we possess is that the truth must lie between them. 

It was pointed out in § 10 that, in expansion, the free 
path would increase with the distance more than one 
might expect, by an amount which could be calculated, 
for instance, in the case of spherical atoms. 

The impact, which is necessarily central in the most 
condensed state, would often be oblique in a state less con- 
densed. The effect of thus increasing the length of the 
free path would be to diminish the visible expansion and 
also its rate of change. The same is true of the rapidly 
increasing vapor tension, and these considerations, together 
with those given in the last section, are sufficient to ac- 
count for a much greater difference than actually exists 
between the theoretical and empirical formulae. 

The latter is undoubtedly, as Mendelejeff claims, a first 
approximation to the expression of the facts; the former, 
to their exact theoretical solution. The close agreement of 
the formulae must be considered as a mutual confirmation. 

§ 19. In the same April Journal of the Chemical So- 
ciety will be found an article by Thorpe and Riicker On a 
Relation between the Critical Temperatures of Bodies 
and their Thermal Expansions as Liquids. 

The formula of Van der Waals is first considered, name- 
ly, that at corresponding temperatures, 

1 dV t 



V t dt 



X T= C, I. 



in which the first factor is evidently the same as our e. 
This formula, by the way, may be derived from § 13. 
In (6) we have 

where, neglecting the last factor, which is nearly equal to 
1, we see that if we know the ratio of Zj to T, which is 
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the same, by definition, for all liquids at corresponding 
temperatures, the ratio of /' to / must be determined. 
We have, therefore, for the coefficient of expansion, 
from (5), 



C_ T —J' ' 

• 4 "7-- 3 



II. 



where we see that if —=- is given, e varies inversely as the 

temperature. 

Therefore e : e' = T' : T= T/ : T x , or eT t = constant. 

By combining this result with Mendelejeff's formula for 
expansion, 

Thorpe and Rucker obtain the following: 

Vo _ aT^—T 
V, aT — zn ' 

whence 

a _ Tv t -zn m 

The mean value of a is calculated for 7 liquids, the 
critical temperature being determined by Sajotschewsky, 
as 1.995; from 5 other determinations, 1.976; from 10 by 
Pawlewski, 1.991; and from 12 others, 1.93. Selecting the 
most probable value, 1.995, trie critical temperatures of 
the first 7 liquids are calculated by the formula, 

i-995 ( Vt—i) 

with a remarkable degree of approximation, the average 
error being very little more than one degree, which is of 
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course very much smaller than the probable error of ob- 
servation. 

Table XVII. has been constructed to show the probable 
error when all the liquids quoted are taken into account, 
and to compare this error with that of the Theory. It will 
be seen that the average error is here in the tens and not in 
the units, and that the probable error of the Theory is a 
little smaller, and could be made very much so, had it 
been thought advisable to introduce the empirical constant, 
0.1 16, instead of that calculated from purely theoretical 
considerations (.11876). 

The use of either formula is of practical importance, and 
the difference between their indications is no greater than 
the limit of error of observation. This is owing to the 
close agreement, at low temperatures, of the formulae for 
expansion (already considered), by which, in combination 
with the principle of Van der Waals, the critical tem- 
perature might be calculated in each case. 

Both formulae agree in indicating, for all liquids, an in- 
variable ratio between the densities at the absolute zero 
and at the critical temperature. From the empirical 
formula (II.), we see that this ratio should be a -f- 
(a — 1), or 2.005, nearly, while the Theory requires 
the cube of /, -4- /,' or about 3.4. Various considera- 
tions, whose discussion would be unprofitable, tend to 
diminish this theoretical value; but a single accurate 
determination of the density of a liquid in the critical state 
would probably serve as a crucial test of the reasoning. 

§ 20. Conclusion: — (1) It is not claimed that the 
theory which has been developed is by any means a com- 
plete solution of the relations existing between the various 
constants of Thermodynamics; the main point has been to 
show that such relations exist. The provisional assump- 
tion of a cohesive force varying inversely as the fourth 
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power of the distance may be considered as the first link 
in the chain by which these may finally be connected 
together. 

(2) The connection between these constants is ex- 
emplified in a series of six tables, in which they are all 
expressed, explicitly or implicitly, in terms of certain well- 
known constants, and one which is peculiar to this theory, 
called the Principal Argument. It has not been attempted 
to adjust these tables empirically (which might easily 
have been done) so as to obtain the best possible results; 
they represent rigidly the relation between the six physi- 
cal constants required by the Theory for an ideal liquid or 
solid. 

(3) The indications of this theory are in many cases 
within the limits of errors of observation, and in no case are 
we led to a result which is not reasonably close to the 
truth, considering the quantities which have been neg- 
lected. The same would not have been true if any fun- 
damental change had been made in the supposition as to 
the nature of the cohesive force or its rate of variation, 
the general law for which may, therefore, be considered 
as established. 

(4) In view of the magnitudes of several of the quanti- 
ties treated, the approximate agreement of the results pre- 
cludes any essential error in the formulae. 

(5) In working out the mathematical-solution of various 
problems, we had frequent recourse to certain formulae 
which were already developed in Maxwell's Electricity 
and Magnetism. We have followed, all through, the 
analogy between the attraction of a number of small mag- 
netized spheres and the ordinary phenomena of cohesion. 
The analogy appears to hold in every respect. On the 
other hand, the laws of the attraction assigned to ordinary 
unpolarized matter have been proved to be entirely incom- 
patible with the known facts. 
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(6) There being nothing inconsistent with any of the 
phenomena known to Chemistry or Physics in the suppo- 
sition that the ultimate particles of matter, of whatsoever 
sort, have fundamentally the same characteristics, may it 
not be that the same causes which, under certain condi- 
tions, render the particles of steel and other substances per- 
manently magnetic, belong in reality to the elementary 
atoms of which all bodies are composed, like the polarities 
assigned to them in electrolysis, whether the body as a 
whole exhibits magnetic or diamagnetic properties? If 
this should be so, then we have found the physical basis 
for a Theory of Cohesion. 



TABLES. 



Table of the Probability of Errors. (Probable 
Error = i.) 

Derived from Chauvenefs Astronomy, Vol. II, Table IX, A 



Error 




Difference for 


Error 




Difference 


less 
than 


Probability. 


0.01 


greater 
than 


Probability. 


for 0.01 


o.o 


O.OOOOO 


.00538 


2 -5 


0.09175 


.00129 


O.I 


O.O5378 


•00537 


2.6 


0.07949 


.00115 


0.2 


O.IO73I 


•00533 


2.7 


0.06859 


.00102 


°-3 


O.16035 


.00527 


2.8 


0.05895 


.00090 


0.4 


0.21268 


.00519 


2.9 


0.05046 


.00079 


0.5 


O.264O7 


.00509 


3-o 


0.04302 


.00069 


0.6 


O.3I43O 


.00496 


3-i 


0.03654 


.00060 


0.7 


O.363I7 


.0048 1 


3-2 


0.03090 


.0005 2 


0.8 


O.4IO52 


.00465 


3-3 


0.02603 


.00045 


0.9 


O.45618 


.00448 


3-4 


0.02183 


.00038 


1.0 


O.5OOOO 


.00429 


3-5 


0.01824 


.00033 


I.I 


O.54188 


.00407 


3-6 


0.015 18 


.00028 


1.2 


O.5817I 


.00388 


3-1 


0.01257 


.00024 


i-3 


O.61942 


.00367 


3-8 


0.01038 


.00020 


1.4 


O.65498 


•00345 


3-9 


0.00853 


.00017 


i-5 


O.68833 


.00324 


4.0 


0.00698 


.00014 


1.6 


O.7I949 


.00301 


4.1 


0.00569 


.00012 


i-7 


O.74847 


.00279 


4.2 


0.00461 


.00009 


1.8 


0.77528 


.00258 


4-3 


0.00373 


.00008 


1.9 


O.79999 


.00237 


4.4 


0.00300 


.00007 


2.0 


0.82266 


.002 1 7 


4-5 


0.00240 


.00005 


2.1 


0.84335 


.00197 


4.6 


0.00192 


.00004 


2.2 


0.862l6 


.00179 


4-7 


0.00152 


.00003 


2-3 


O.87918 


.00162 


4.8 


0.0012 1 


.00003 


2.4 


O.8945O 


.00146 


4.9 


0.00095 


.00002 


2-5 


O.90825 


.00130 


5-o 


0.00074 


.00002 



Table of the Logarithmic Probability of Errors. 
Probable Error = i. (Haskell.) 



Error 1 

greater 

than 


Logarithm of 
Probability. 


Difference. 


2nd 
Differ- 
ence. 


Error 

greater 

than 


Logarithm of 
Probability. 


Difference. 


2nd 
Differ- 
ence. 


5-° 
5-2 
5-4 
5-6 
5-8 
6.o 

6.2 

6.4 
6.6 
6.8 
7-o 

7-2 
7-4 


4.8722 

1-6557 

J..4318 

4.2OO4 

5-96I5 

5-7I5I 

_5_. 4 6n 
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6.9305 
"6.6538 

6-3695 
6.0776 

7.7781 

7.4709 

7-i56i 

8.8335 

8-5033 

8.1654 

9.8199 

9.4665 
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10.7370 

10.3606 

11.9764 

£i-5845 
1 1. 1849 


.2165 
•2239 
.2314 

.2389 
.2464 

•2540 
.2615 
.269I 
.2767 
.2843 
.2919 

•2995 
•3072 
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.3226 

•33° 2 
•3379 
•3455 
•3532 
.3609 
.3686 

•3764 
.3842 

•39*9 
•3996 


74 
75 
75 
75 
76 
75 
76 
76 
76 
76 

76 

77 
76 

78 
76 

77 
76 

77 

77 

77 
78 

78 

77 

77 
78 


Logarithmic probability continued, accu- 
rate to four figures. 


IO 
II 
12 

13 

H 

15 
l6 

17 
18 

l 9 

20 


11.185 
£3.070 
16.762 
18.258 

21-559 
24.665 

^7-575 
30.289 

34.807 

37.129 

41-254 


2.115 
2.309 
2.504 
2.699 
2.894 
3.090 
3.286 
3.482 
3.678 
3-865 


194. 

!95 

i95 

195 
196 

196 

196 

196 

197 


7.6 
7.8 
8o 


Logarithmic probability continued, contain, 
ing four significant figures. 


8.2 

8.4 
8.6 
8.8 
9.0 
9.2 
9.4 
9.6 
9.8 
10.0 


IO 
20 

3° 
4° 
50 
60 

70 
80 

9° 
IOO 


11. 18 
41.25 
91.68 
160.41 
249.40 
3T8.65 
486.16 

635-9 1 

8039 2 
990.17 


29-93 

49-57 
69.27 

89.01 

108.75 

128.49 

148.25 

167.99 

187.75 


19.64 
19.70 
19.74 
19.74 
19.74 
19.76 
19.74 
19.76 



I. 

Table for Epsilon and its Derivatives. 

Containing- four significant figures calculated for 

T = 273 
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I 76 I 0000 
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II. 

Table of Coefficients of Volume. 

Containing four significant figures. 
V= I + at -f if + ct* + di* + efi + dc. 



a 


<5 


c 


d 


e 


.00 


.00000 


.0000000 


.000000000 


.00000000000 


01 


001684 


00003458 


0000007892 


00000001498 


02 


006812 


00028400 


0000131900 


0000005 1 100 


03 


015490 


00098370 


0000697200 


00000413300 


04 


027830 


00239100 


0002299000 


000*01854000 


o5 


043940 


00478800 


0005851000 


00006020000 


06 


063930 


00848400 


0012640000 


00015930000 


07 


087900 


01381000 


0024410000 


00036560000 


08 


1 15900 


021 1 1000 


00 4335 0000 


00075630000 


09 


148200 


03079000 


0072290000 


00156000000 


10 


184800 


04327000 


01 15000000 


00263800000 


11 


225900 


05897000 


0174500000 


00442600000 


12 


271400 


07833000 


0256900000 


007 24000000 


13 


321700 


1 01 90000 


0364500000 


01 142000000 


H 


376600 


13020000 


0511100000 


01748000000 


15 


436000 


16370000 


0702300000 


02608000000 


16 


501200 


20320000 


0943100000 


03801000000 


17 


571100 


249 1 0000 


1 246000000 


°5435 000000 


18 


646100 


30250000 


162 1 000000 


07626000000 


r 9 


726500 


36340000 


2089000000 


10530000000 


20 


812500 


42930000 


2651000000 


14300000000 



> 






Q & 



P | H 
5 > 



03 





tJ- o o o o o 


O O o 


o o 


oooooooo 




CO "<*- On uo N lOiOM N CO CO O 


00000000 


o 


O co *>» tJ- CO "^-00 uo uoOO 


UO ■»• 


co-^-i-i uo-^-coOnco 


O 


i>'+h On J>- "") co c» w O 


o o 


i-< co -^-NO On co *>. co 


t^ 


O h N c» co tj- uoNO t^OO 


On O 


m N co •"*• uo i>-CO O 




O O O O O 


o o o o 


O »H 


HMHHWMHN 






N O o o o 


o o o o 


o o 


OOOOOOOO 




VO^OOO t^ CT\ O 


0\0 m uoNO uo 


n-ooooooo 


o 


O N lOO^O "1 


■^- t^ w t>»NO 00 


con rhO O uouoO 


O 


NO c» 00 uo ii 00 


uo N *■>» uo CO 


nwOOOOi-ico 


vO 


O n n N co co Tt- uoNO NO 


t^OO 


On O i-i N co rt- uoNO 




O O O O O 


O o 


o o 


OHMMWUMW 






N O o o 


o o o o 


o o 


OOOOOOOO 




Tt- r-» O CONO N 


O CO ■<*■ rj- 


m ■^■00 i-i r^CO o o o o 


o 


O i-i "<*■ *>• M **» 


■fM M N 


W) C\ io •+ + N fO N COCO 


O 


uo O ioCO n 


!>. CO ON uo 


1-1 t->. 


•^- w 00 uo co i-i On t^» 


m 


O M M N N CO 


rcj ^- tJ- UONO NO 


J>-00 00 On O i-i i-i N 




o o o o o o 


o o o o 


o o 


OOOO t -ii-ii-' M 






r~ On O O O O 


o o o o 


o o 


OOOOOOOO 




N NO l>fOi> 


•h O On r->. 


CO N 


O h ^0 H t> OnOO 




O M N Tj- J>. O 


uo O uo N 


OnOnO n no w t>io>o 


o 


*^00 N N© O uo 


On rj-00 COCO N 


t^ CO00 co On ■*■ O NO 


* 


O n w N M 


c» co co -<t- t|- uo uoVO NO JS. ir-00 On On 




O O O o o 


O O O O 


o o 


OOOOOOOO 






uo N N O O O 


O O O O 


o o 


OOOOOOOO 




m no ^vo l_l 


co O N On O £•» 


m oo couoNCO N ii 




O O w N ^^O » H +N 


M NO 


N N + H ONJ>-t^l>. 


CO 


cono On n uoOO 


i-i uoOO i -1 


UOOO 


N uo On CONO O -rt-00 


M i -1 w 


N N f) (fl 


CO CO 


Tj- Tj- Tj- UO UONO NO NO 


O O O O O O 


O O O O 


o o 


OOOOOOOO 






J>. t^ CO co O O 


o o o o 


o o 


OOOOOOOO 




O nvo H » r—vo oo n «>. 


uo UOCO N CO CO O uo CO CO 




O O O i i- 1 m 


co ^-NO *-» 


On i-i 


CONO 00 n UOCO N NO 


o 


N rt-NO CO O N 


-d-NO 00 o 


N mc<0\H -t-vo CO i-i co 


O O O n "- 1 


11 H H N 


N N 


N M cocococort--^- 


o o o o o o 


O O O O 


O O 


OOOOOOOO 






N !>. uoOO tj- uo OnOO m O 


o o 


OOOOOOOO 




O O i-i N rj-VO 00 i-l UOCO 


COCO 


co OnNO N OnOO i»» uo 




o o o o o o 


O H M H 


M <M 


co co ■<+• uo uoNO I>.00 


o 


M N CO ■<*■ UONO 


^00 On O 


li N 


co ^- uoNO *>-C0 On 


o 


o o o o o o 


O O O i-i 


H H 


HHrHMWUMM 


M 


O o o o 


O O O O 


o 


OOOOOOOO 




o t^ uooo Th co t- Th uo O 





OOOOOOOO 




i-i N tJ-^O CO i-i ^i-CO 


l-l NO 


m NNOO UON ONt^ 




O O O o 
OnOO *~»NO uo ■*■ 
On On On On On On 
On On On On On On 


m i-i " 


N N 


co co rh ■<*- uoNO NO i>- 


o 

H 

1 


CO N. i- 1 O 


On CO 


t>»NO uo ^ co N n O 


On On ON OnOO COCOCOOOOOCOOOCOOO 


C\OiOM^C>CA(?>OM3\CAff\C^q\q\ 




6 6 6 6 6 6 


o" 6 d o" 


o o 


OOOOOOOO 




w N CO ■"*■ UONO 


t^OO On O 


11 N 


co ■<*- uoNO l>.00 On O 




O O O O O 

o o o o o o 


O O O i-i 


M I-I 


hmhhiimiiN 


1U 


o o o o 


o o 


OOOOOOOO 




O O 


O 


OOOOOOOO 



3 -a 

.S 8 

o „ 

o ? 



CO ^ 



o _, 

> ■* 

o 

w 

PQ 
< 



W 



50 





o\ co^o onoooooooo 


oooooooo 


o 


CONO 00N00OOONOCNO 


OCO Nh O voO V) 


o 


i^hOO NNO 00 m ^O co r|- NN£> 


ON N CO00 N N N» O 


m 


i-i co Th^O 00 O to v>00 >-" Tj-00 


N N ro U\N v) viN 


H 


OOOOOwmwmismn 


CO co rj- Th i-oNO NOO 




«^ + N N + O O O O o 


OOOOOOOO 


o 


f^ ■+ f^ N M tj-N^O w ON NO *0 


C« lO -^-NO XO ON O\O0 


o 


Tt-CT\iO<S o ON in n co co^o 


co-^-i-i •+ lO'+'t V) 


<3- 


i-i « rJ-NO CO ON N -^-N£) D\N ifl 


On coOO co On^O •"*■ co 


M 


OOOOOOi-imihhnn 


N («5 ro •+ ■+ uoNO N 




0\h^O h ir^oO O O O O O 


OOOOOOOO 


o 


N N NO CONO *■» N i-O CNOO w 


Th-Tj-iocoO coO Tt- 


o 


C0 1> h |> CO h 0\(J\m ■<*- O O\0 *0 t)-00 00 T(- N O 


CO 


w M -*t- vn !>• ON O N v)NO N 


NO 0\f5N N 00 V)N 


r* 


OOOOOO w| - |MM MN 


M N co co t)- -^- lONO 




vjf^H tsO\N + o o o o 


O O O O 0-0 


o 


N ^- + N ON NO •"*■ vo N ^J- X>. 


coNO N co i/l On OnOO 


O 


N vrjOO N i>. N ON NNO N ON co 


O ONN000O tO + H 


CM 


m N co voNO 00 On w co *o n O 


co^oonnno hVO n 


M 


OOOOOOOi-ii-ii-ii-in 


N d N COCO-^-tj-vo 




ONOwMVOONOOOOOO 


OOOOOOOO 




N 00 O N O O ON NO co CO "'t- N NO N vjuiOiom N 


o 


m c} u-> N i-i m On un co O ON O 


N t^NO CONO N 00 N» 


H 


w M CO tj-N0 NOO O N tj- u-)00 


O N VOOO i-l lO ON CO 


H 


OOOOOOOi- t '-*'-i'-i'-' 


NNNMCOCOCOTt- 




N00 NO "+■ ^00 xo m o O O 


OOOOOOOO 




h>0\0 O on co •+• n oo n vo n 


w VONO NO ONNO CO ON 


o 


O i- 1 cO ^- X s - O "+00 ■■*■ 00 


N t^ ON CO ONOO O + 


o 


m N CO Tj- u~>NO 00 ONO N + ION ONh -*j-NO ON CONO 


M 


OOOOOOOO'-it-i'-iw 


1-iwNNNCICOCO 




NOOOOOOOOOOOO 


OOOOOOOO 




CO N N tJ-loONm io h o O O 


OOOOOOOO 




h ifldJi- ON00 CO N 00 CO O 00 


NO t|- coco On ■*■ « ON 


o 


ON00 000000 Onm romC^rON 


co O 00 i>.00 i-i NO N 


CJi 


O w N CO "*■ m NOO On O CI CO u-> N00 O N u-> N O 




OOOOOOOOOi-iwm 


wmi-iC«C^C(NCO 




oooooooooooo 

w ir> ThM OOCO Vi N i- 1 o o 


OOOOOOOO 




OOOOOOOO 




i-i -^-O OnO to -4" *■» *d-NO c^iM>. v) w\o coO c* NO 


o 


00\O vi r<5 f)N c< c* CO -^-NO 00 


MlOOu-)N O ON ON 


oo 


O >-i N CO rj- ir>V£> N00 ON O i-i 


CO '+NO NO\H N tJ- 










h N CO tj- u->NO NOO ON O w m 


co tJ- voNO t>.00 ON O 




OOOOOOOOOi-iwi-i 


WI-ll-ll-tMWI-tN 




OOOOOOOOOOOO 


OOOOOOOO 




oooooooooooo 


OOOOOOOO 





V 




3 




bfl 




* 




+j 




C 


• 


rt 


> 

>— 1 


U3 




c 


w 




J 


CO 


m 


3 


< 


<H 


H 


G 








G 








ctf 




■M 




a 




o 




o 



o 
o 
o 

O 8 
o 

o 



o 
o 

PQ § 

o 



< °o 



o 
o 
n o 
U o 
o 
o 
o 



o 
o 

m § 

o 



< § 



o 

o 

o 
o 



o 
o 

m 8 

o 



<1 § 



10 0-0 ooooooooooooooooo 
oooooooooooooooooooo 

iLONVOT)-Tt-coOOOOOOOOOOOOOO 
fOO\N O mOO VO i-i N c<3 lOVO oooooooo 
ONOlOM^coO\ IO00 iflir,t»fOMf5>flO\0 i-i 
O ** N io 0\ ifl fO ill O lOMD iO M C\ J>-00 u-> ■>$- 
OOOOOOmNCOiOX^ONNVOi-iVO^Ii-imN 

OOOOOOOOOOOOt-inNNcOTh iovo 



^-r^OOOOOOOOOOOOOOOOOO 
OOOOOOOOOOmOOOOOOOOOOOOO 
VO 00 ThOO CO t^VO ioco^It^in O O t>in h j^N t-~ 

O •"" N "<J-VO 00 ii TJ-00 N VO w N N 00 VON Os *-» 
OOOOOOOi-ii-i'-iNMfO^O-^-Tf- loVO VO ■!>■ 



o o o o o o 
o o o o o o 



OOOOOOO'-'i-iwMro 

oooooooooooo 



w N ro Th V")VO J>.00 On O m N ro rf- mVO r^OO ON O 

OOOOOOOOOWWWMWrtMHHMWN 



00OOOOOOO 
voOt^OOOOO 
■t^fOHOO Tt-O O 



oooooooo 
oooooooo 
oooooooo 



PCOO 00 CNOO 00>-ii-iONi>>i>»coOOOO 



O O o o 

o o o o 

o o o o 

o o o o 



O M <7\ t~0 *"» -"^-00 w i>.N CT\ fO 0\ N f» N ih VO^-t^5 



O O N rhOO ro m 
OOOOOOwN 
OOOOOOOO 



O coOO 00 i-' O ro CO ON N f5 C\ 
fOThiot> O <~O^0 O rf- O VO M 
OOOO'-'i-'i-iMNfOrO'^" 



tj-NOOOOOOOOOOOOOOOOOO 
00«0>rOThcoOOOOOOOOOOOOOO 
VO CO -^-00 G\ ff\CA C^ N 00 On "*■ t^VO M m i-i u-> to 
m vo u-) t--. fncoN ioCO +i/ih H \Q \0 m i-h^oVO N 
O O l-i N Tf-VO 00 M t)-00 M t^N Nf)0 i>- rj- N l-l 
OOOOOOOi-ii-ii-iNNrOfOThu-i novo i>.00 



OOOOOOOOOOOOOOOOOOOO 
OOOOOOOOOOOOOOOOOOOO 
i-i N ro tj- u~)\0 i>-00 ON O i-i M f) + u~>\0 r^OO ON O 
OOOOOOOOOwi-ii-ii-iihihwwhwn 



OOOOOOOOOOOOOOOOOOOO 
wNOsOOOOOOOOOOOOOOOOO 
tJ-VQ NOONmOOOOOOOOOOOOOO 
ro r- tj- u-> u~>\o +m ■tfi)H « I OOOO00O 
O M CAN rj- i>. rh t^OO O VO t^ ON ON i-h w ON CO ■<*- ON 
O O O M ^"t^ N 00 \D lNO\'+N CO00 \C t^ i" TJ-IO 
OOOOOOi-ii-iMro -tf-VO 00 O n loOO M V£> O 
OOOOOOOOOOOOOi-'i-ii-ii-'MNro 



^t^OOOOOOOOOOOOOOOOOO 
OOOOOCOOOiO. OOOOOOOOOOOOO 
VO 00 rJ-CO 00 CO ^0 >lO u-> t-» CO O -tO ON" n onoo on 
m VO lO J>m (<5 N lO M*) * ONOO N CA f<2 O N OA M 
O O i-i N ThVO 00 i-i -^00 N M3 w J>. N ONVO COO CA 
OOOOOOOi-iMMNNror<3ThTj- uo\o t^ i^» 



o o c o 
o o o o 



o o 
o o 



o o 
o .o 



O O O On On ON On Os 
O O ON On ON 0\ ON 



m N CO Th voVO t^OO ON i-i IN fO+u) UTO t^OO 0\ 
OOOOOOOOOi-ii-ii-iwi-ii-iwi-ii-iwm 



m N co "*■ i^vo J>.00 OS o 
OOOOOOOO Oii 
OOOOOOOOOO 
OOOOOOOOOO 



N ro nj- tj^VO 4^00 ON O 
OOOOOOOOO 

ooooooooo 



. CO 

« Si 

el 

.S. o 

CO CO 

>§ 

HH .P 



w 

ffl 

< 



G 



C 
O 

O 





o 
o 


! ro O O O O 
inisO O O O 
NO woo tsc^O 


o o o o o 
o o o o o 
o o o o o 


OOOOOOOOO 
OOOOOOOOO 
OOOOOOOOO 
OOOOOOOOO 


o 


u 
o 
o 
o 


O co 

o o 
o o 
o o 


NS_> M <ONO 

i-< O •<*■ w 

H <onc n 
O O O m 
O O O 


CO u-500 co O 


HI VO CO ThNO 

HI Tj- -^- HI 00 


O hi CO rt-\© no VO ON NO 
Omon I>h IONO U-) t>» 




o 


M CO UOCO Hi 


VO co N COCO NO OnOO CO 






O O O hi 


hi c<< c«5 ■+ io i> C\ N vo 

HI h 




o 
o 

o 


co x-~ 

00 00 


O o o 
*ov© 00 


O O O O o 
o o O 


OOOOOOOOO 
O O O O O I I o 

■^-ND ITlN M HI CTs li-, co 


pq 


NO i>» 


co CONO hi 


N U-> u-i U-) N 


o 
q 


o o 
o 


\f? ^T !L£ ^ )0 °^ Tt " 00 °° ^CNN ON CO w to co 
OOO00h.mwmh(M N Nmhi0ON 

+ 1 1 








o o 
o 


O hi coNO 


N Tt- N O 


OOOOOOOOO 


<< 


o 
o 


O O O 

o o o o 


HI M Tt-VO HI 

O O hi 


W irjVO hi hi 00 N t> + 
hi N cou-)i^ONC01>.co 






o o 


CO ^- ionO 
O O o 


t^OO On hi 


N CO Tj- LOVO 1^ ON O N 








O 
o 
n 


CO 
00 


o o o o 


O O o o 


OOOOOOOOO 




o o o o 


o o o o o 


OOOOOOOOO 




"O CO GO J>.\0 o 


o o o o o 


OOOOOOOOO 
OOOOOOOOO 


u 


n 


CO O 


hi Tt- t>» N 


N N hi O O 


o 


O CO 

o o 


hi oo on hi 


O NO co ON co 


On m ioOO vo t^ On co m 




o 


HI M 1J-) M 


On O t^ ON O 


O co hi oo oo in u->vQ co 




o 


o o 
o o 


O O hi 


hi co ^t-v© O 


Th On^O t(- in On^O J>- P» 






o o o o 


O O O O hi 


M M (S COTj-U-jt^ONM 
HI 






COCO 


O O 


O O O O o 


OOOOOOOOO 




n 


00 ON 


hi WNO <S 


on o o o o 


OOOOOOOOO 


PQ 


o 


NO !>• 


tJ- irj N Thco lOiflH +f<5H NS N J>.0 hi •5- 


o 
o 


m NO 


UlNtON 


Th O 00 On hi 


-*■ i^ £^ rhVO On M OnOO 




o o 


hi cj -<^-no 


CO hi covo O 


(•ovc C\« ■+ in^o t)- w 






o o 





HI HI HI c^ 


<N) M N mcocococofO 






o o 


HI n 


lOONN O O 


OOOOOOOOO 


< 


o 


o o 


o o o o 


O O hi co t)-vO ON co ON NO NO 00 u-j in 


o 


o o 


o o o o 


O O O O 


O O hi m n co rhVO 00 






M N 

o 


co tj- lomD 

o o o o 


r^GO On O hi 


N co tJ- m^ l>.00 On 












o 


Tt- o 


o o o o 


O O O O O 


OOOOOOOOO 




ID co o o o o 


O O O O O 


OOOOOOOOO 




n 


in O 


M NO o O 


O O O O O 


OOOOOOOOO 


O 


o 


co O 


r^CO vovo 


hiconhitj-oOOOOOOOS 


u 
o 
o 


O co O ^O ^O hi 


hi O O Nf^i-O O hi -^-o co co rt- 




o o 


m n u-j o 


t» t-» hi ON tJ-NO t^ONTj-^t-cocoONO 




o o 


O O O hi 


H N + IO00 


hi m O tr^ in in t-» w on 






O 


O O O 


o o o o o 


w hi m m co •<+■ in c^oo 




o 
o 


t}-NO 


O O O o 


o o o o o 


OOOOOOOOO 
OOOOOOOOO 




00 O^O Mu-)Onu->0 O O 


« 


o 


NO 00 


■^t-t^VO N 


vO Nro + H 


VO N l>-VO m M N hi N 


o 


w NO 


i^N fO cONO CO Tf-00 NO NO Ou-)N i-i O 00 ^l>>. 






o o 


HI N rf-NO 


00 HI TJ- j>. HI 


in O -<d- On tJ- On ^200 N 












O HI HI HI C-J 


N m c<-> co ^j- ^- in iriVO 






o o 


O O O hi 


hi N O o 


OOOOOOOOO 


«i 


o 





o o o o 


O O HI HI & 


m cOCOiOt> ONNVO hi 


o 


o o 


O O 


O O O O 


OOOOOOwmn 






o o 


CO rt- loNO 

O o 


i^OO ON O hi 


M co Th u-)VO t^co On 














w M 


co -rh voVO 


l>.00 On O hi 


c^ co Th iriVO r^CO On O 






o o 


O 


O O O hi M 


HlhHI-lHIHIHlHiHlN 






88 


o o o o 


O O O O O 


OOOOOOOOO 






o o o o 


O O O O O 


OOOOOOOOO 



to 

v 






.£ c 

c a 

Q<Bo 

. CO 





3 




O 




Vm 


w 


bfl 


►J 


C 


PQ 


C 


< 


cd 


H 


o 




O 





QOOOOOOOOOOOO 


o 


OJr^OOOOOOOOOO 


o 


oOLot^Tt-POOOOOOOO 


rO + NOOOO Tf Th CN^O OOO 


O fOfO wO\JNW)>ON OMOO\ 


o 


O O >h CO J>. io00 00 o co^o ■«$- 


o 


O O O O O i-i N tJ-00 N 00 -O- 




OOOOOO.OOOmmn 


o 


000000000000 
00 co N >-i LO ^ N | | | ij 


o 


q 


NO !>• O M lOOO N l-l VO t>. w 


m VO U-5VO 0\(^1>J> I>.00 no 


O O 1-1 N co i-ONO i>- C-^O rt- !-! 

+ 1 




00'-it^f^0NTt-'<*-000 


<! q 


O O m -^-00 10OO Is -^-no 


OOO0OO0>-<NtJ-i>.i-i 


►-1 N co rt- ui^O l>.00 ON O i-i co 




oooooooooi-ii-ii-i 




u-iOOOOOOOOOOOOO 


o 


u-jwOOOOOOOOOOOO 


o 


*>nO NVOt^OOOOOOOOO 


o 
o 


co co r»oo co t» ON '^-'O O O O 


O co M co ^h r)-00 10OO t)-NO On 10 


O I- 1 CO *>• Tt-iO f<5 O 00 m NO 10 f 


OOOOOi-iciTf-t^O^cocot-^ 




OOOOOOOOOi-imncO'*- 




mcoOOOOOOOOOOOO 


o 


00 lOVO 00 rhVO ON 1 1 O 1 i 1 1 


o 


NO i>h\O00 00 rt-00 Tj- m rl- on Tj- ^J- 


ffl s 


1-1 vo i/";NO O no cocoOnioOnu-^Onc* 


l— ' o 

q 


O O w M tJ- in r>» On ON O ON Is c* in 


OOOOOOOOOwOOOO 

+ 1 




OOi-icoi-icoO\i-it^OOOOO 


< q 


O O O O <-> m ■<*■ On NO IS +C.O00 


OOOOOOOO1-1N tJ-vo ■>*■ 


1-1 N CO tJ- <-ONO IsOO 0\0 H N +lfl 








tJ-OOOOOOOQOOOOOOOOOOO 

OOOOOOOOOOOOOOOOOOOOO 


o 
o 

"1 


is NO ONt^OOOOOOOOOOOOOOOO 


coNwONNr^i-ivOcot^OOOOOOOOOO 


O CO N l-l Os N Tt-00 N N is JS M "d" 1SNO OOO 


O O m cONO CO CO00 N -4- Q\ O c< M Nf)N 10OO 00 


o 


O O O O O 1-1 M COVO ON co O 00 On CO M NO NO t)-m 




OOOOOOOOOOwNNcou-iisONONO'-' 




OOOOOOOOOOOOOOOOOi-iwn 




NNOOOOOOOOOOOOOOOOOO 


o 


00 is XsVO OONOinioOOOOOO 1 1 OOOO 


o 

« § 

q 


>0 l> N O 00 M i- Tt-^O i-r»iOtN O co co N Msm 


m^O iflNM ON00 00 NO co -^J-NO >OiOI>fO C^ H NO\ 


O O m c» -^- u - } is On w co-^-^coO t)- -^j- is is coOO 






O O w N mcoNO^O OnOOOOOOOOOOO 


<q q 


O O O O O 1-1 M 10OO in co 10 co is N is m ■"*■ rj- m 


OOOO.OOOOO w ncoioi>-mioi-coSONn 


i-c n co Th mNO isOO On O i-i N co -d-NO Js ON O N vo 




000000000>-<i- < >-<>-ii-ii-(>-ii-iNNN 




m M co ■<+■ u-)\£) 1>.00 ON O 1-1- CI CO rh lOVO J>>00 ON O 


(<U 


000000000'-''-''-ii-'i- , i-ii-i wi -''-'C^ 




OOOOOOOOO000OOO0O0OO 




OOOOOOOOOOOOOOOOOOOO 









OnOOOOOOOO 






o 


vooooooooo 






o 


ON^O u-) co O O O 






o 


minO coOO >nO +0 




u 


o 
o 
o 


O W)U)N NO^O O i-> 






O w rj- on o t-vo co 






q 


O O O O N co^O i-* 








OOOOOOOOw 






o 


ri-vo o o o o o o o 


o_ 




o 


t^ po i^ On 0\M2 w 1 1 
v©vo +HM ^m On On 


O 


pq 


o 
o 

o 
q 


o 

M 


mVO lf + t<5 ON N Th 




0>-iNrorJ-coNN 
+ 1 








O m vo w t— CO00 N VO 






o 
q 


O O M iOfOt>fOO 




< 


OOOOOwnioOn 




i-i (SI ro rj- lOMD 1>-00 On 








OOOOOOOOC 








n-ooooooooo 






o 


mu-jOOOOOOOO 






o 


On u-> ^)- t^^o O O o o 






o 
o 
o 


covo rt-O^O Th 0\ ^- h O 




O 


O co "si- h V) CO00 O 00 






o 


O i-i -*• ONOO *f ON r^OO 






q 


O O O O O i-i co i-ooo in 
OOOOOOOOOw 






O 
o 


^ONOOOOOOOO 






t>NOM>0 0« 1 1 1 


o 




o 


\0 *0 ^O On i- 1 f» i-i c<}VO n 


O 


PQ 





h>o ^ -+NO iriO Thuiffl 


a* 







OOi- | ^ro^|->-o-^-i- | < v ^ 






q 


+ 1 








O m tJ-tJ-O co co On ^h O 






o 
q 


O O O M ■"*■ On OnVO 00 N 




< 


O O O O O O w covO i-i 




i-i N co t(- u-i^O r^00 On m 








OOOOOOOOOi-i 








mOOOOOOOOOO 






o 


^OvoOOOOOOOOO 






o 
o 
o 


O0u-)t)-nOOOOOOO 




O 


co m00 OnVO O 00 co vo O O 




o 


O tOfdxnH f) O "^" X>. VTi 






o 


O O w CO00 *-» i-i "st- O O CO 






q 


OOOOOi-irOu->ON'^-»-i 








OOOOOOOOOwN 






o 


OOcoOOOOOOOOO 






o 


r-» O t» Th r-~ t1-00 1 1 1 1 


o 




o 


\0 r-^CO ^O Onm •+cotK> O 


o 


PQ 


o 


i-i VO rHoi>0 Onn Onm co 


00 




o 
q 


O i-i m co uo m^O -*h N CO 








O COOt^M ONl-ON O O 




< 




OOOi-iM^OMThu-iTt-ON 




o 


OOOOOOwNTJ-t^iH 




q 


w N co ^t- u->v£> l>-00 On O N 








OOOOOOOOOi-ii-i 








M N CO Tj- m^O l>.00 ftO h 




V J 


OOOOOOOOOi-ii-i 








00000000000 








ooooooooooo 



Table V . Calculation of the mean difference between Pierre and Kopp. 



.001185569 
.001 134200 



22+000051369 



.000025685 



.001159885 

.00104S630 
.001041390 

-.000007240 



.000003620 



.001045010 

•001653500 

.001546400 

+.000107100 



■000053550 



.001599950 



.001513240 
.001480260 



+.000032980 



.000016490 



.001496750 



.001325200 
.001364460 



-.000039260 
.000019630 



.001344830 



.001295950 

.001277900 

+.000018050 



.000009025 



.001286925 



.001258490 
.001273800 



.000015310 



.000007655 



.001266145 



B 
.00000 



15649300 
13635000 



2) +0201 4300 



01007 1 50 



14642150 



17509900 
07836000 



+09673900 



04836950 



12672950 



85060000 
69745000 



+ 15315000 
07657500 



77402500 



23590000 
35031600 



-11441600 
05720800 



29310800 



28624840 
01353800 



+27271040 



i36355 2 o 



14989320 



29098000 
39471000 



— 10373000 



05186500 



34284500 



29568800 
21914000 



+07654400 



03827200 



25741200 



c 

.0000000 



091 1 100 
0874100 



2 ) +OO370OO 



0018500 



0892600 



0134518 

1761800 
— 1627282 



0813641 



0948159 

6425800 



4005100 
2700700 



+ 1304400 

0652200 



3352900 
0661800 

3924800 



—3263000 



I 63 I 500 



2293300 



0425690 
0363900 



+0061790 



00308 95 



0394795 



1492150 

u 79700 



+0312450 



0156225 



1335925 



A 2 A 

io-»X 



2.639 



0.052 



11.471 



l.o8S 



i-54i 



0.326 



0.234 



A 2 B 

io-"X 



0.041 



0.936 



2.346 



1.309 



7-437 



1.076 



0.58S 



A 2 C 

io- 16 X 



2.647 



1.700 



10.647 



0.004 



0.097 



TablC If • Calculation of the mean difference between Pierre and Kofp. 





A 


B 
.00000 


C 
.0000000 


A 5 A 

io- 9 X 


A S B 

io-' 2 X 


A'C 

io-^X 




P */ 


OOIO25700 
OOIO30400 


08376000 
08188900 


0346900 

0333200 


0.326 
1-957 

0.606 
6.073 


0.071 
1.402 

'•530 
2.338 






2) 


002056100 


2) 16564900 


2)0680100 




>> 


K 


OOIO28050 
.001046100 


08282450 
05624400 


0340050 

0542010 




2 


— 


000018050 


4-02658050 — 0201960 


0.041 


00 


000009025 


01329025 0100980 






.001037075 

P .001239890 

K. .001195650 

+.000044240 


009S342S 

06260240 
18103000 


0441030 

1306500 
0982920 




c 
ttJ 


— 1 1842760 
05921380 


+0323580 


0.105 




.000022120 


0161790 




3 
W 


.001217770 

PJ f [.000632742] 

K§\ .001202790 

.001178170 


12181620 

[127630000] 

00722338 

13093000 

— 12370662 


n 447 10 

[5027S00] 
2263460 
0956000 




u 


+ 


000024620 


+ 1307460 


1. 710 


1- 


0000 1 23 10 


06185331 
06907669 

06572900 
06874460 


0653730 




3 

6 


p «{ 

K 


OOI 190480 

OO0890IOO 
000898S50 


1609730 

1 184580 
1009600 




d 


001788950 


i344736o 


2194180 




3 


OO0894475 
000972400 


06723680 
— 08565100 


1097090 
2021800 


0-855 




OOO077925 


+15288780 


— 0924710 


" 




000038962 


0764439° 


0462355 








000933437 


— 00920710 


J 559455 






Mean 

Difference. 

.0000 

489 


Mean 
Difference. 

.00000 
1318 


Mean 

Difference. 

.0000000 

1345 


11)26.313 
2.392 


11)19.071 


10)17.807 




'•734 


1. 781 




V23.9 2 


V' -73-40 
1318 


V /l -7S,io 




489 


1345 




* o° to IOO° 
f 100 to 1630. 4 


J 09 to 1 19°. 4 
5 +1.1° to 99° 




II -iS° to 
+ So° 

IT 8o°to 
1320.1 







VI. Table of the Value of 



A 

Liquid Assumed Observed 



AA 



.00 



.00 



B 

Calculated Observed 
.OOOOO 



AB 



C AC 

Calculated Observed 
.OOOOOOO 



I 


0578 


0576 


2 


0418 


1347 


929 


015 




— 


2 


0674 


0674 





0685 


1721 


1036 


022 


-005 


27 


3 


o75i 


0747 


4 


07 1 1 


1810 


1099 


o37 





— 


4 


0783 


0787 


4 


0741 


05^ 


228 


042 


027 


J 5 


5 


0802 


0804 


2 


0617 


1246 


626 


050 




— 


6 


0804 


0805 


1 


0760 


1033 


273 


047 





— 


7 


0813 


081 1 


2 


°455 


0640 


185 


o55 


014 


4i 


8 


0820 


0817 


3 


0944 


0919 


25 


046 


006 


17 


9 


0824 


0825 


1 


0449 


0730 


281 


o57 


013 


44 


10 


0827 


0826 


1 


0770 


0522 


248 


052 


014 


38 


11 


0837 


0842 


5 


0610 


0222 


388 


058 


°35 


23 


12 


0838 


0844 


6 


0770 


0401 


3 6 9 


°55 


026 


29 


13 


0841 


0835 


6 


°955 


0675 


280 


052 


013 


39 


H 


0861 


0859 


2 


0770 


0442 


328 


061 


027 


34 


15 


0888 


0888 





"34 


1924 


793 


058 


029 


29 


16 


0895 


0894 


1 


0771 


0853 


82 


071 


026 


45 


i7 


0909 


0906 


3 


1 166 


36.62 


2496 


062 


-250 


312 


18 


0925 


0929 


4 


*345 


3H° 


1795 


060 


-049 


109 


19 


0928 


0931 


3 


0771 


-0063 


834 


080 


050 


30 


20 


0928 


0934 


6 


1000 


0307 


693 


o75 


058 


17 


21 


°939 


0940 


1 


1005 


—0820 


1825 


078 


081 


3 


22 


°939 


0941 


2 


1005 


0381 


624 


078 


049 


29 


23 


0941 


0936 


5 


1216 


1242 


26 


072 


-032 


104 


24 


0941 


°943 


2 


1216 


i34 6 


130 


072 


009 


63 


25 


°95i 


°953 


2 


l2 33 


o757 


476 


o75 


003 


72 


26 


0952 


0954 


2 


1538 


2214 


676 


°59 


564 


5°5 


27 


°955 


°959 


4 


1420 


1901 


481 


068 


465 


397 


28 


0962 


°959 


3 


1250 


0038 


1212 


078 


°73 


5 


29 


0962 


0965 


3 


1250 


1231 


J 9 


078 


024 


54 


30 


0965 


0962 


3 


H45 


1865 


420 


071 


029 


42 


3i 


0986 


0979 


7 


r 495 


0967 


q28 


076 


018 


58 


32 


0986 


0985 


1 


H95 


0608 


887 


076 


049 


27 


33 


0994 


0994 





1300 


1090 


2IO 


088 


OI 5 


73 


34 


0996 


°993 


3 


1520 


0625 


895 


079 


060 


J 9 


35 


0996 


1000 


4 


1520 


1738 


2l8 


079 


108 


29 


36 


IOII 


1009 


2 


07 1 1 


0333 


378 


083 


052. 


3 1 


37 


1017 


1017 





1569 


1576 


7 


085 


019 


66 



A, B and C Calculated and Observed. 



AA 



Liquid Assumed Observed 



.OO 



.OO 



B 

Calculated Observed 
.OOOOO 



AB C AC 

Calculated Observed 
.OOOOOOO 



38 


1027 


1032 


5 


!59 2 


1726 


i34 


089 


OI 5 


74 


39 


1032 


1032 





io34 


0083 


95i 


124 


077 


47 


40 


104 1 


1038 


3 


!935 


1711 


224 


070 


°54 


16 


4i 


1047 


io53 


6 


1368 


1839 


471 


099 


008 


9 1 


42 


1048 


1047 


1 


1640 


1378 


262 


096 


018 


78 


43 


1048 


io57 


9 


1640 


0183 


H57 


096 


096 





44 


1050 


1048 


2 


1040 


-0240 


1280 


"9 


082 


37 


45 


1069 


1071 


2 


1390 


0033 


1357 


"7 


074 


43 


46 


1074 


1069 


5 


1028 


0842 


186 


°73 


047 


26 


47 


1080 


1079 


1 


1402 


1555 


153 


121 




— 


48 


IIOI 


1 100 


1 


0142 


0218 


76 


130 


070 


60 


49 


IIOI 


1 107 


6 


2161 


4665 


2504 


084 


-174 


258 


5o 


1114 


1119 


5 


2047 


1047 


1000 


104 


103 


1 


5i 


1122 


1121 


1 


1802 


0170 


1632 


124 


o59 


65 


52 


1 1 24 


1129 


5 


2080 


4792 


2712 


108 


-184 


292 


53 


1132 


ii33 


1 


1822 


0912 


910 


129 


076 


53 


54 


II4I 


1 140 


1 


2323 


I37i 


952 


097 


191 


94 


55 


II4I 


1 142 


1 


2323 


1964 


359 


097 


062 


35 


56 


IISO 


1150 





H5 1 


-0090 


I54 1 


!5i 


130 


21 


57 


II7I 


"75 


4 


2444 


3577 


"33 


107 


-054 


161 


58 


"75 


1171 


4 


1903 


0526 


1377 


149 


099 


5° 


59 


"75 


1172 


3 


2244 


0501 


1743 


129 


i35 


6 


60 


"75 


1176 


1 


2244 


1278 


966 


129 


081 


48 


61 


1 186 


1 1 84 


2 


2277 


0899 


1378 


J 33 


i35 


2 


62 


1 196 


"94 


2 


2310 


2975 


665 


J 37 


-042 


179 


63 


1 196 


1 196 





2310 


1806 


5°4 


J 37 


079 


58 


64 


1200 


1200 





2714 


2163 


55i 


°93 


100 


7 


65 


1206 


1212 


6 


1964 


0279 


1685 


164 


163 


1 


66 


1211 


1212 


1 


2610 


1778 


832 


120 


i53 


33 


67 


1288 


1286 


2 


2605 


°5H 


2091 


183 


i73 


10 


68 


1293 


1 29 1 


2 


2958 


0118 


2840 


!53 


213 


60 


69 


1293 


1294 


1 


2958 


2184 


774 


x 53 


409 


256 


70 


W3 


I3i5 


2 


3047 


337i 


324 


162 





— 


7i 


r 34o 


1338 


2 


344° 


1501 


1939 


142 


169 


27 


72 


!35i 


1348 


3 


2793 


2609 


184 


220 


106 


"4 


73 


1400 


H°5 


5 


3700 


1713 


1987 


165 


459 


294 


74 


1420 


1415 


5 


3885 


3315 


57o 


137 


1138 


IOOI 


75 


i57o 


1575 


5 


4816 


2814 


2002 


191 


i57 


34 



TABLE VII. 



i. Wood Spirit (e = .001120). 





v P 


V A 


J* 


v 

v P-K 


v, 


^P,K-« 


A* 


IO° 


1. 01 203 


1.01149'+ 54 


2916 


I.OII76 


1. 01 144 


+32 


1024 


2O 


1.02442 


1.02330+112 


I2 544 


I.O2386 


1.02339 


+47 


2209 


3°° 


1.03724 


i-°3549,+ I 75 


30625 


I.O3636 


1.03589 


+47 


2209 


40 


x -°5°53 


1. 048 10+243 


S9°49 


I.0493 I 


1. 0490 1 


+30 


900 


50 


1.06436 


1.06120+316 


99856 


I.06278 


1.06280 


— 2 


4 


6o° 


1.07875 


1.07483+392 


153664 


I.O7679 


1.07730 


-5i 


2601 



358654 

Alcohol (e = .001020). 



8947 





v P 


v K 


^r-K 


J 3 


v 


V. 


•&r,K~t 


J 2 


IO° 


1. 01 067 


1. 01 05 1 


+ l6 


256 


1.01059 


1.01039 


+20 


4OO 


20° 


1.02169 


1.02127 


+42 


1764 


I.02148 


I.02 12 I 


+27 


729 


30° 


1.03309 


1.03242 


+67 


4489 


1.03275 


I.O3247 


+28 


784 


40° 


1 .04486 


1.04403 


+83 


6889 


I.04444 


I.O4422 


+2 2 


484 


50° 


1.05701 


1.05622 


+79 


6241 


1. 0566 1 


I.O5649 


+ 12 


I44 


6o° 


1.06953 


1 .06909 


+44 


1936 


I.0693 1 


I.06933 


— 2 


4 


7o° 


1.08247 


1.08276 


-29 


841 


1.08261 


I.08282 


-21 


44 r 



22416 
Ether (€=.001475). 



2986 



V K 



v 

v P.K 



V* 



Jp,K-« 



io° 

2O 
30° 



I.OIS4I 
I.03152 
I.O4859 



I.OI518 
I.O3122 
I.O4828 



+23 
+30 

+3 1 



529 
900 

961 



1.01530 
1.03 137 
1 .04844 



1.01519 
1.03131 
1.04852 




2390 
Aldehyde (c 



221 



.OO1645) 



v P 



v K 



A-K 



A' 



v. 



v e 



Jp,« A* 



10" 

20 



1.01745 
I.03699 



I.01616 
1 .033 7 1 



+129 

+328 



1 664 1 

107584 

114225 



I.01680 
I-03535 



1 .01700 
I.03522 



-20 
+ 13 



400 
169 

569 



TABLE VII. (continued). 



5. Acetate of Ethyl (£=.001251). 



V P V K A e . K A* 


v 

Y P,K 


v« 


^•p.K-e 


A' 


IO° 


1. 01 289 


1.01297 


- 8 


64 


I.OI293 


1.01282 


+ 11 


121 


20° 


1.02646 


1.02647 


- 1 


1 


I.O2646 


1.02624 


+22 


484 


30° 


1 .04080 


1.0405 1 


+ 29 


841 


I.O4065 


1 .04048 


+ 17 


289 


40° 


1.05601 


1.05524 


+ 77 


59 2 9 


1.05562 


1.05546 


+16 


256 


SO° 


1.07217 


1.07067 


+150 


22500 


I.07 142 


1-07133 


+ 9 


8l 


6o° 


1.08934 


1.08688 


+246 


60516 


1. 088 I I 


1. 088 1 8 


- 7 


49 


7°° 


1. 10770 


1. 1 0400 


+370 


136900 


I. IO58O 


1.10610 


-30 


900 



226751 



2180 



6. Acetate of Methyl (e = .001285). 



V P V K A^ A* V P , K V e A P>K _ t A> 


IO° 


1-01325 


1-01317 


+ 8 


64 


1.01321 


1.01317 


+ 4 


16 


20 


1.02712 


1.02717 


- 5 


25 


1.02715 


1.02705 


+10 


100 


30 


1. 04 1 62 


1. 04 1 98 


-36 


1296 


1. 04 1 80 


1. 04 1 68 


+12 


144 


40° 


1.05677 


1.05767 


- 90 


8100 


1.05722 


i-o57i5 


+ 7 


49 


5o° 


1.07260 


1.07423 


-163 


26569 


i-o734i 


i-o7358 


-17 


289 



36054 



598 



7. Formate of Ethyl (e = . 00 1294). 



V P V K J M A 2 V^ V. A r ^ A* 


IO° 


I-OI355 


I. OI 369 


-14 


196 


1.01362 


1.01327 


+35 


1225 


20° 


I.O2770 


I.02764 


+ 6 


36 


1.02767 


1.02725 


+42 


1764 


30° 


I.O425 I 


I.O42IO 


+41 


1681 


1-04235 


1.04200 


+35 


1225 


40° 


I.0580O 


I.05728 


+72 


5184 


1.05764 


1.05760 


+ 4 


lb 


50° 


I.O7423 


1.07345 


+78 


6084 


1.07384 


1.07419 


-35 


1225 



13181 



5455 



TABLE VII. (continued). 



8. Fusel-oil (e= .00090). 





v P 


v K 


Ap- K 


A 1 


V 

v P,K 


v. 


Ap,K-C 


A' 


-IO° 


0.991 15 


0.99017 


+ 98 


9604 


O.99O66 


0.991 15 


- 49 


2401 


+IO° 


1.00898 


1 .00966 


- 68 


4624 


1.00932 


1. 009 1 5 


+ 17 


289 


2O 


1.01816 


1.01927 


-in 


12321 


I.OI87I 


1.01861 


+ 10 


100 


30° 


1.02761 


1.02894 


-133 


17689 


1.02827 


1.02842 


- 15 


225 


40° 


1. 03 74 1 


1. 03 88 1 


-140 


19600 


I.O38II 


1.03859 


-48 


2304 


5 0° 


1.04762 


1 .04900 


-138 


19044 


I.O483 I 


1. 049 1 4 


- 83 


6889 


6o° 


1.05832 


1.05960 


-128 


16384 


I.O5896 


1. 060 1 1 


-115 


I3 22 5 


7o° 


1.06958 


1.07079 


-121 


1 464 1 


I.O7OI8 


1.07152 


-134 


17956 


8o° 


1. 08 1 48 


1.08263 


-115 


I3 22 S 


I.08205 


1.08342 


-137 


18769 


90 


1.09384 


1.09522 


-138 


19044 


I-09453 


1. 0958 1 


-128 


16384 


IOO° 


1. 1 0690 


1. 1 0890 


—200 


40000 


I. 10790 


1. 10880 


- 90 


8100 


IIO° 


1 . 1 2060 


1. 12340 


-280 


78400 


I. 12200 


1. 1 2330 


-130 


16900 


I2O 


1. 13520 


1. 13930 


—410 


168100 


I. 13720 


1. 13650 


+ 70 


4900 


I 3 0° 


1. 15070 


1. 15740 


-670 


448900 


I. 15400 


i-iS I S° 


+250 


62500 



881576 



170942 



9. Butyrate of Methyl (e = .00114). 





v P 


v K 


A P . K 


A 2 


v 

v P,K 


v. 


A P(K _, 


A* 


IO° 


1. 01 248 


1.01215 


+ 33 


1089 


I.OI232 


1. 01 165 


+ 67 


4489 


2O 


1.02515 


1.02472 


+ 43 


1849 


I.O2494 


1.02383 


+11 1 


1 23 2 1 


30° 


1.03811 


1.03778 


+ 33 


1089 


I-03795 


1.03659 


+136 


18496 


40° 


1.05144 


i-o5i37 


+ 7 


49 


I.05 141 


1.04998 


+143 


20449 


50° 


1.065 19 


1-06555 


-36 


1296 


I.06537 


1 .06408 


+129 


1 664 1 


6o° 


1.07946 


1.08039 


- 93 


8649 


1.07993 


1.07894 


+ 99 


9801 


70° 


I-09435 


1 -°9595 


-160 


25600 


i -°95 i s 


1.09463 


+ 52 


2704 


8o° 


1. 1 0990 


1.11230 


-240 


57600 


I.IIIIO 


1.11130 


- 20 


400 


90 


1. 12620 


1. 1 2950 


-330 


108900 


1. 12780 


1. 1 2890 


-no 


1 2 100 


IOO° 


1. 14340 


1.14750 


-410 


168100 


1. 14540 


1. 14760 


-220 


48400 



374221 



145801 



TABLE VII. (concluded). 



io. Butyrate of Ethyl (e = .001 in). 





v P 


v K 


Ap-K 


A 2 


V 

v P,K 


v, 


&r,K-t 


A 2 


IO° 


1. 01 206 


1.01192 


+ H 


196 


I.OII99 


1.01135 


+ 64 


4096 


20° 


1.02427 


1.02416 


+ 11 


121 


1. 0242 I 


1.02319 


+ I02 


10404 


30° 


1.03676 


1.03678 


- 2 


4 


I.O3677 


1.03558 


+119 


14161 


4«° 


1.04970 


1.04983 


- 13 


169 


I.O4976 


1.04857 


+ 119 


14161 


50° 


1.063 1 7 


1.06338 


- 21 


441 


I.06327 


1.06222 


+ IO5 


1 1025 


6o° 


1.07723 


1.07745 


- 12 


144 


1.07739 


1.07656 


+ 83 


6889 


7o° 


1.09233 


1.092 16 


+ 17 


289 


1.092 24 


1. 09 1 69 


+ 55 


30 2 5 


8o° 


1. 10830 


1. 10750 


+ 80 


6400 


I. I07 9O 


1. 10770 


+ 20 


400 


90 


1. 12540 


1. 12360 


+180 


32400 


I. 12450 


1.1 2460 


— 10 


100 


IOO° 


1. 14360 


1. 14050 


+310 


96000 


I. 14200 


1. 14250 


- 5° 


2500 


IIO° 


1. 16330 


1.15810 


+520 


270400 


I. l6070 


1.16170 


-100 


1 0000 



406564 



76761 



11. Butyric Acid (e 



.000924). 





v P 


v K 


Ap- K 


A 2 


v 

v F,K 


V. 


^P,K-« 


A 3 


IO° 


1-01035 


1.01052 


- 17 


289 


I. OI 043 


1 .00940 


+ IO3 


10609 


20° 


1.02089 


1.02 1 18 


- 29 


841 


1. 02 I O3 


1.01913 


+ I9O 


36100 


30° 


1.03162 


1.03204 


- 4 2 


1764 


I.03 l83 


1.02923 


+ 260 


67600 


40° 


1. 04261 


1.04309 


-48 


2304 


I.O4285 


1.0397 1 


+3H 


98596 


5°° 


1-05383 


1.05438 


- 55 


3025 


I.O54IO 


1.05060 


+35° 


122500 


6o° 


1-06533 


1.06594 


- 61 


3721 


I.06563 


1. 06 1 94 


+369 


136161 


7o° 


1.07713 


1.07783 


- 7o 


4900 


1.07748 


1.07377 


+37i 


137641 


8o° 


1.08923 


1 .09006 


- 83 


6889 


I.08964 


1 .086 1 1 


+353 


1 24609 


90 


1.10170 


I. 10260 


- 90 


8100 


I.I02I0 


1.09905 


+305 


93025 


IOO° 


I.I 1450 


1.11560 


-no 


12100 


I.II5OO 


1.11250 


+250 


6250O 


IIO° 


1. 12760 


I.I 2910 


-150 


22500 


I. I283O 


1. 12740 


+ 90 


8100 


I20° 


1.14120 


1. 1 4300 


-180 


32400 


I.I42IO 


1.14150 


+ 60 


3600 


130° 


1. 15500 


1. 15740 


-240 


57600 


I. I562O 


1.15710 


- 9° 


8100 


140° 


1. 1 6940 


1. 17230 


-290 


84100 


1. 1 7080 


1-1735° 


-270 


72900 


150° 


1.18410 


I. 18780 


-370 


136900 


1. 1859O 


1.19100 


-510 


260100 



377433 



1242141 



VIII. Expansion of Liquids according to Thorpe. 
(D. Mendelejeff.) 



PC1 6 H 6 C1 2 . . 
PBr 3 ... 
NC 6 H 5 H 2 , aniline 
SO,(OH)Cl . 
C 2 H 5 C1 . . . 

o 2 d 2 

CHBr 8 . . . 

IC1* . . . 

C 2 H 4 IC1 . . 

(CH 2 Br) 2 . . 

S 2 6 C1„ . . . 

Cr0 2 Cf 2 . . 

VOCI3 . . . 

TiCl 4 . . . 
NC C H,, picoline 

POBrCl, . . 

xxSl^Ijj • • • 
PSC1 

C 8 H 6 6C1, epichlorhydri 
C 3 H 6 OH, allyl alcohol 
P(C 2 H s O)Cl, f 
C 2 Cl a OCl 



CBrCl 3 . 
POC1, . 

C(N6 2 )Ci 3 

Br 2 . . 
C 2 Cl 3 OH 
SnCl 4 . 
CH 2 C1CH 2 C1 

cs 2 . . 

SOCJ 2 . 
PC1 3 . . 
C 8 H 18 § 
CC1 4 . 
C^L, 11 . 
so 2 ci„ . 

CHC1 3 . 

NC 3 H 6 . propionitril 

CH 3 CHC1 2 

CH 2 C1 2 : 

SiCl 4 . 

AsF 3 . 

CO(CH 3 ) 2 , acetone 

C 2 H 8 OCl 

(N0 2 ) 2 . 



.0083 
.0085 
.00S7 
.0091 
.0095 
.0094 
.0094 
.0093 
.0094 
.0096 
.009S 
.0097 
.0097 
.0099 
.0098 
.0101 
.0100 
.0102 
.0103 
.0103 
.0104 
.0110 
.0109 
.0109 
.0111 
.0108 
.0111 
.0117 
.0116 
.0116 
.0119 
.0117 
.0117 
.0120 
.0121 
.0122 
.0124 
.0125 
.0125 
.0125 
.0130 
.0134 
.0136 
.0144 
.0138 
.ot39 

•oi57 



3o u 

.0250 

0259 

.0262 

.0273 

.0285 

.0285 

.0287 

.0283 

.0286 

.0293 

.0299 

.0298 

.0298 

.030 

.0299 

.0307 

.0306 

.0310 

•03 l 5 
.0314 
,0324 

•033 2 
•033 2 
•0333 
•0337 
•0335 
•o347 
•035 6 
•o35 6 
.0360 
,0360 
,0360 
,0360 
,0368 
,0372 
,0376 
,0380 
.0386 
.0387 
o 3 f~ 
,0404 
.0417 
0425 

o433 
o433 
°433 



6o° 

.0507 

•0530 
•o535 
•°55 2 
.0578 
.0584 
.05S4 
.0586 
.0587 
.0605 
.0616 
.0618 
.0618 
.0619 
.0620 
.0630 
.0631 
.0639 

• o6 53 
.6660 
.0680 
.0682 
.0686 
.0693 
.0694 
.0698 
.0719 
.0736 
.0742 



•o745 
.0752 

•o755 
,0771 
.0778 
.0792 
,0797 
.0S15 
.0818 
.0S20 
■0S55 

.0904 
,0885 
,0920 



100 

1 .0869 
1 .0916 
1 .0925 
1.094 
1.0994 
1.1016 
1.1012 
1. 1027 
1. 1023 
1.1061 
1. 1074 

1. 1086 

1. 1087 
1. 1084 

1. 1097 

1. 1098 
raio4 
1.1121 

i-»55 
1 . 1 204 
1 . 1 204 
1.1 201 
1 . 1 206 
1. 1 232 
1. 1 226 



1302 



!33 : 



1 401 



J-H39 



1. 1479 



150" 

1.136S 
1. 1450 

I - I 473 
1. 1465 

i-i585 
1.1618 
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IX. Comparison of MendelejefFs formula with the mean 
results of Kopp and Pierre. 



A* 



Vp.k 



v M 



A 2 



10 
20 



10 

20 

30 
40 

So 



(1) Wood Spirit. 






10 


1.01176 


1-01195 


-19 


3 6 i 


20 


1.02386 


1.02420 


-34 


1156 


30 


1.03636 


1-03675 


-39 


1521 


40 


1-04931 


1.04960 


-29 


841 


50 


1.06278 


1.06278 








60 


1.07679 


1.07629 


50 


2500 



(2) Alcohol. 



10 


I. 01059 


1. 01 092 


-33 


20 


I. 02148 


1.02208 


-60 


30 


1-03275 


1-03349 


-74 


40 


1.04444 


1.04516 


-72 


50 


I .05661 


1-05710 


-49 


60 


1.06931 


1. 06931 





70 


I. 08261 


I.08ISI 


80 



(3) Ether. 



(4) Aldehyde. 



1. 01 680 
I-03S35 



i-oi737 
I-03535 



-57 
o 



(5) Acetate of Ethyl. 



(6) Acetate of Methyl. 



1.01321 

1-02715 
1.04180 
1.05722 
1-07341 



1-01372 
■1.02781 

1-04231 
1.05722 
1.07256 



(7) Formate of Ethyl. 



10 


1.01362 


20 


1.02767 


30 
40 

50 


1-04235 
1.05764 
1.07384 



1.01381 
I. 02801 
1.04262 

1.05764 
1-07310 



-19 

-34 

-27 

o 

74 



C>379 




24150 



10 


1-01530 


1.01564 


-34 


1 1 56 


20 


1-03137 


1-03178 


-41 


1681 


30 


1.04844 


I .04844 









2837 



3249 

o 

3249 



10 


1. 01 293 


1.01368 


- 75 


<;6^ 


20 


1.02646 


1.02742 


-96 


9216 


30 


1 .04065 


1.04220 


-'55 


24025 


40 


1.05562 


1.05706 


-144 


20736 


So 


1.07142 


1.07237 


- 95 


9025 


60 


1.08811 


1. 0881 1 








70 


1.10580 


1-10433 


147 


21609 



90236 




.167S3 




7722 



10 
20 

30 
40 
50 
60 

70 
80 
90 

IOO 
no 
120 

130 



20 

30 
40 

50 
60 
70 
80 
90 

IOO 



10 
20 

30 
40 
50 
60 
70 
80 
90 

IOO 

no 



10 
20 

30 
40 
50 
60 
70 
80 
90 

IOO 

no 
120 
130 
140 
150 



(8) Fusel-oil. 



0.99066 0.99035 31 961 

1.00932 1.00983 - 51 2601 

1.01871 1. 01987 -126 15876 

1.02827 1. 03010 -1S3 334S9 

1.03811 1.04054 -243 59049 

1. 0483 1 1. 051 18 -2S7 82369 

1.05S96 1.06205 -3°9 9548l 

1.07018 1.07315 -297 88209 

1.08205 1.08448 -243 59049 

I-09453 1-09606 -153 23409 

1. 10790 1. 10790 o o 

1. 12200 1.11998 202 40804 

I. 13720 I. 13234 486 236196 

1.15400 I. 14496 904 817216 

1552709 

(9) Butyrate of Methyl. 



1. 01266 

1.02564 
1 .03896 
1.05263 
1.06667 
1.0S107 
1.095S8 

I.IIIIO 

1. 12675 
1. 142 84 



(10) Butyrate of Ethyl. 



I 


01232 


I 


02494 


I 


03795 


I 


05141 


I 


06537 


I 


07993 


I 


09515 


I 


IIIIO 


I 


12780 


I 


14540 



- 34 


1 156 


- 70 


4900 


-IOI 


10201 


—122 


I48S4 


-I3-5 


169OO 


-114 


12996 


- 73 


5329 





O 


105 


1 102 5 


256 


65536 



142927 



1. 01 246 


- 47 


1.02522 


-IOI 


1.03832 


-155 


1-05175 


-199 


1-06554 


-227 


1.07969 


-230 


1.09424 


-2O0 


1.10916 


-126 


1. 12450 


O 


I. I 4027 


173 


1. 15650 


420 



1. 01 199 

1. 0242 1 

1.03677 

1.04976 

1.06327 
1.07739 
1.09224 
1. 10790 

1-12450 

1. 1 4200 
I. 16070 



(11) Butyric Acid. 



2209 
10201 
24025 
39601 
5!529 
52900 
40000 
15876 
o 
29929 
176400 

442670 



1.01043 


I. 01048 


- 5 


1.02103 


1.02118 


-15 


1-03183 


1.032 10 


-2/ 


1.04285 


1.04327 


-42 


1.05410 


1.05468 


-5« ■ 


1.06563 


I .06634 


-71 


1.07748 


1.07826 


-78 


1.08964 


1.09045 


-81 


I.I02I0 


1. 10292 


-8a 


I.II50O 


1.11568 


-68 


1.12830 


I.I2S73 


-43 


1.14210 


1.14219 





1. 15620 


I- 15579 


41 


1.17080 


I. 16980 


IOO 


1. 18590 


1.18417 


173 



25 
225 
729 
1764 
3364 
5041 
6084 
6561 
6724 
4624 
1849 

o 

1681 

IOOOO 

29929 
7S600 
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Name of Liquid. Melting Point. 








Propionic Acid 
Protochloride of Carbon 
Salicylate of Methyl 
Succinate of Ethyl 
Sulphide of Carbon [Bi-] 

" " Ethyl 

" " Methyl [Bi-] 
Sulphite of Ethyl . . 
Sulphocyanide of Methyl 
Terebene 
Toluene 

Turpentine ■ 
Valeraldehyde 
Valerate of Amyl . 
" " Methyl 
Valeric Acid 

Water . • . . . o° . 
Wood Spirit 





